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Virtual fundamental classes for moduli spaces of 
sheaves on Calabi-Yau four-folds 

Dennis Borisov and Dominic Joyce 


Abstract 

Let [X,ui*x) be a separated, —2-shifted symplectic derived C-scheme, 
in the sense of Pantev, Toen, Vezzosi and Vaquie |30| . of complex virtual 
dimension vdimc A = n G Z, and Xan the underlying complex analytic 
topological space. We prove that Xan can be given the structure of a 
derived smooth manifold Xdm, of real virtual dimension vdim* Xdm = n. 
This Xdm is not canonical, but is independent of choices up to bordisms 
fixing the underlying topological space Xan- There is a 1-1 correspondence 
between orientations on {X,oJx) and orientations on Xdm- 

Because compact, oriented derived manifolds have virtual classes, this 
means that proper, oriented —2-shifted symplectic derived C-schemes have 
virtual classes, in either homology or bordism. This is surprising, as 
conventional algebro-geometric virtual cycle methods fail in this case. Our 
virtual classes have half the expected dimension. 

Now derived moduli schemes of coherent sheaves on a Calabi-Yau 4- 
fold are expected to be —2-shifted symplectic (this holds for stacks). We 
propose to use our virtual classes to define new Donaldson-Thomas style 
invariants ‘counting’ (semi)stable coherent sheaves on Calabi-Yau 4-folds 
Y over C, which should be unchanged under deformations of Y. 
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1 Introduction 

This paper will relate two apparently rather different classes of ‘derived’ geo¬ 
metric spaces. The first class is derived C-schemes X, in the Derived Algebraic 
Geometry of Toen and Vezzosi [33l|35], equipped with a —2-shifted symplec- 
tic structure in the sense of Pantev, Toen, Vaquie and Vezzosi [30]. Such 
(X, wjf) are the expected structure on 4-Calabi-Yau derived moduli C-schemes. 

The second class is derived smooth manifolds Xdm) in Derived Differential 
Geometry. There are several different models available: the derived manifolds 
of Spivak m and Borisov-Noel [6l|7] (which form oo-categories DerMauspi, 
DerMauBoNo), and the second author’s d-manifolds [TSUSO] (a strict 2-category 
dMan), and m-Kuranishi spaces ^21 §4.7] (a weak 2-category mKur). 

As it is known that equivalence classes of objects in all these higher categories 
are in natural bijection, these four models are interchangeable for our purposes. 
But we use theorems proved for d-manifolds or (m-)Kuranishi spaces. 

Here is a summary of our main results, taken from Theorems 13.15113.161 and 
13.241 and Propositions 13.171 and 13.18] below. 

Theorem 1.1. Let {X,u}'^) be a —2-shifted symplectic derived ^.-scheme, in 
the sense of Pantev et al. [30| . with complex virtual dimension vdimc X = n 
in h, and write X^n for the set of C-points of X = Iq^X), with the complex 
analytic topology. Suppose that X is separated, and Xan is second countable. 
Then we can make the topological space Xan into a derived manifold Xdm of real 
virtual dimension vdimR Xdm = n, in the sense of any of [31[71 [TBH3Dll22ll31| . 
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There is a natural 1-1 correspondence between orientations on {X,ui*x), in 
the sense of EH and orientations on in the sense of i32.6l 

The (oriented) derived manifold Jtdm above depends on arbitrary choices 
made in its construction. However, Xdm is independent of choices up to (ori¬ 
ented) bordisms of derived manifolds which fix the underlying topological space. 

All the above extends to (oriented) —2-shifted symplectic derived schemes 
(tt ; JC —>■ over a base Z which is a smooth affine <C-scheme of pure 

dimension, yielding an (oriented) derived manifold TTdm : ^dm —>• -^an over the 
complex manifold Zan associated to Z, regarded as an (oriented) real manifold. 

In ij2.5l we give a short definition of Kuranishi atlases JC on a topological 
space X. These are families of ‘Kuranishi neighbourhoods’ {V,E,s,tp) on X 
and ‘coordinate changes’ between them, based on work of Fukaya, Oh, Ohta 
and Ono [Til ITS] in symplectic geometry. The hard work in proving Theorem 
o is using {X,uj^) to construct a Kuranishi atlas 1C on Xan- Then we use 
results from |51[71 [TBH^[^ to convert {Xan,IC) into a derived manifold Xdm- 

Readers of this papers do not need to understand derived manifolds, if they 
do not want to. They can just think in terms of Kuranishi atlases, as is common 
in symplectic geometry, without passing to derived manifolds. 

We prove Theorem 1 1.1 1 using a ‘Darboux Theorem’ for /c-shifted symplectic 
derived schemes by Bussi, Brav and the second author |3] . This paper is related 
to the series [21-151121). mostly concerning the — 1-shifted (3-Calabi-Yau) case. 

An important motivation for proving Theorem 1 1.1 1 is that compact, oriented 
derived manifolds have virtual classes, in both bordism and homology. As in 
>13.6bil3.7l from Theorem ll.il we may deduce: 

Corollary 1.2. Let (X,u!x) be a proper, oriented —2-shifted symplectic derived 
C-scheme, with vdimc X = n. Theorem o gives a compact, oriented derived 
manifold A'dm with vdimRA'dm = n. We may define a d-bordism class 
[JCdm]dbo in the bordism group and a virtual class [Aidm]virt in the 

homology group i7„(Aan;Z), depending only on (X,ujx) and its orientation. 

Let X be a derived C-scheme, Z a connected C-scheme, tt : X ^ Z be 
proper, and [wx/z] a family of oriented —2-shifted symplectic structures on 
XjZ, with vdimc X/Z = n. For each z € Zan we have a proper, oriented —2- 
shifted symplectic C-scheme {X^,ujx^) with vdimX^ = n. Then [X^^Jdbo 
= [^dmldbo and = *J^([^dm]virt) for all Zi,Z2 € Zan, with 

virt) C Hji(Xq^y,, the pushforward under the tnclusion t . X^^ ^ A^an- 

So, proper, oriented —2-shifted symplectic derived C-schemes (X,a;x) have 
virtual classes. This is not obvious, in fact it is rather surprising. Firstly, 
if {X,uj*x) is —2-shifted symplectic then X = to{X) has a natural obstruction 
theory Lx|x —t Lx in the sense of Behrend and Fantechi [I], which is perfect in 
the interval [—2,0]. But the Behrend-Fantechi construction of virtual cycles [T] 
works only for obstruction theories perfect in [—1,0], and does not apply here. 

Secondly, our virtual cycle has real dimension vdimc X — vdimR X , which 
is half what we might have expected. A heuristic explanation is that one should 
be able to make X into a ‘derived C°“-scheme’ X^ (not a derived manifold), in 
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some sense similar to Lurie [551 §4.5] or Spivak [3T], and {X^ ,Imw5f) should 
be a ‘real —2-shifted symplectic derived (7°°-scheme’, with Imw^ the imaginary 

^oo 

part of ujx- There should be a morphism X ^dm which is a ‘Lagrangian 

^OO -1 ^OO -] 

fibration’ of {X ,Ima;^). So vdimRXdm = ^vdimRX = ^vdiniRX, as 
for Lagrangian fibrations tt : (S', w) —?> B we have dimB = i dimS. 

The main application we intend for these results, motivated by Donaldson 
and Thomas m and explained in 113.8L113.91 is to define new invariants ‘count¬ 
ing’ (semi)stable coherent sheaves on Calabi-Yau 4-folds Y over C, which should 
be unchanged under deformations of Y. These are similar to Donaldson-Thomas 
invariants [24l[25l[32] ‘counting’ (semi)stable coherent sheaves of Calabi-Yau 

3- folds, and could be called ‘holomorphic Donaldson invariants’, as they are 
complex analogues of Donaldson invariants of 4-manifolds m- 

Pantev, Toen, Vaquie and Vezzosi [301 §2.1] show that any derived moduli 
stack Xi of coherent sheaves (or complexes of coherent sheaves) on a Calabi- 
Yau m-fold has a (2 — m)-shifted symplectic structure so in particular 

4- Calabi-Yau moduli stacks are —2-shifted symplectic. Given an analogue of 
this for derived moduli schemes, and a way to define orientations upon them. 
Corollary 11.21 would give virtual classes for moduli schemes of (semi)stable co¬ 
herent sheaves on Calabi-Yau 4-folds, and so enable us to define invariants. 

It is well known that there is a great deal of interesting and special geome¬ 
try, related to String Theory, concerning Calabi-Yau 3-folds and 3-Calabi-Yau 
categories — Mirror Symmetry, Donaldson-Thomas theory, and so on. One 
message of this paper is that there should also be special geometry concerning 
Calabi-Yau 4-folds and 4-Calabi-Yau categories, which is not yet understood. 

During the writing of this paper, Cao and Leung ISHIQ] also proposed a 
theory of invariants counting coherent sheaves on Calabi-Yau 4-folds, based on 
gauge theory rather than derived geometry. We discuss their work in ^13.91 
Section [5] provides background material on derived schemes, shifted sym¬ 
plectic structures upon them, Kuranishi atlases, and derived manifolds. The 
heart of the paper is ]}3l with the definitions, main results, shorter proofs, and 
discussion. Longer proofs of results in Sj3] are deferred to sections HHSl 

Acknowledgements. We would like to thank Yalong Cao, Conan Leung, 
Bertrand Toen, Gabriele Vezzosi, and a referee for helpful conversations. This 
research was supported by EPSRC Programme Grant EP/I033343/1. 

2 Background material 

We begin with some background material and notation needed later. Some 
references are Toen and Vezzosi [331135] for H2.1Lil2.21 Pantev, Toen, Vezzosi and 
Vaquie [30] and Brav, Bussi and Joyce [4] for H2.31 and Spivak m, Borisov and 
Noel [6|[7] and Joyce [TMSOll^ for 112.61 
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2.1 Commutative differential graded algebras 

Definition 2.1. Write cdga^. for the category of commutative differential 
graded C-algebras in nonpositive degrees, and cdgajl*’ for its opposite cate¬ 
gory. In fact cdga^ has the additional structure of a model category (a kind of 
oo-category), but we only use this in the proof of Theorem 13.II in SjH In the rest 
of the paper we treat cdga^, cdga^*’ just as ordinary categories. 

Objects of cdga^ are of the form •••—>• A~^ Here for 

fc = 0,—I,—2,...is the C-vector space of degree k elements of A, and we have a 
C-bilinear, associative, supercommutative multiplication ■ A^ x A^ ^ j^k+i 
k,l ^ 0, an identity I € and differentials d : ^ for fc < 0 satisfying 

d(a ■ b) = (da) • b -I- (—l)*a • (d6) 

for all a G b G A’-. We write such objects as A* or (H*, d). 

Here and throughout we will use the superscript ‘ ’ to denote graded objects 
(e.g. graded algebras or vector spaces), where * stands for an index in Z, so that 
A* means fc G Z). We will use the superscript ‘ ’ to denote differential 
graded objects (e.g. differential graded algebras or complexes), so that A* means 
(H*,d), the graded object A* together with the differential d. 

Morphisms a : —>• H* in cdga^ are C-linear maps : A^ ^ for all 

fc ^ 0 commuting with all the structures on A* ,B*. 

A morphism a : A* —> B* is a guasi-isomorphism if H^{a) : H^{A*) -G 
H^{B*) is an isomorphism on cohomology groups for all fc ^ 0. A fundamental 
principle of derived algebraic geometry is that cdga,;;. is not really the right 
category to work in, but instead one wants to define a new category (or better, 
oo-category) by inverting (localizing) quasi-isomorphisms in cdga^^. 

We will call A* G cdga^ of standard form if A° is a smooth finitely generated 
C-algebra of pure dimension, and the graded C-algebra A* is freely generated 
over A'^ by finitely many generators in each degree i = —I, —2,.... Here we 
require A'^ to be smooth of pure dimension so that (SpecA'^)an is a complex 
manifold, rather than a disjoint union of complex manifolds of different dimen¬ 
sions. This is not crucial, but will be convenient in lj3l 

Remark 2.2. Brav, Bussi and Joyce [H Def. 2.9] work with a stronger notion 
of standard form cdgas than us, as they require A* to be freely generated over 
A° by finitely many generators, all in negative degrees. In contrast, we allow 
infinitely many generators, but only finitely many in each degree i = —1,—2 ,.... 

The important thing for us is that since standard form cdgas in the sense 
of [4] are also standard form in the (slightly weaker) sense of this paper, we can 
apply some of their results [H Th.s 4.1, 4.2, 5.18] on the existence and properties 
of nice standard form cdga local models for derived schemes. 

Definition 2.3. Let A* G cdgaj-, and write D(mod A) for the derived category 
of dg-modules over A*. Define a derivation of degree k from A* to an A*-module 
M* to be a C-linear map J : A* —5> M* that is homogeneous of degree k with 

S{f9) = S{f)g + {-l)’^\f'fS{g). 


5 


Just as for ordinary commutative algebras, there is a universal derivation into 
an yl*-module of Kdhler differentials njj,, which can be constructed as ///^ 
for I = Ker(m : A* ^ A* —>■ A*). The universal derivation <5 : A* —> is 

5 {a) = 0(8)1 — l(8)aG I/P. One checks that J is a universal degree 0 derivation, 
so that o5 : Hom^. , M*) —>■ Der* {A, M*) is an isomorphism of dg-modules. 

Note that = ((Ojj. )*, d) is canonical up to strict isomorphism, not just 
up to quasi-isomorphism of complexes, or up to equivalence in iJ(mod A). Also, 
the underlying graded vector space )*, as a module over the graded algebra 
A *, depends only on A* and not on the differential d in A* = {A *, d). 

Similarly, given a morphism of cdgas $ : A* —>■ B *, we can define the relative 
Kdhler differentials 

The cotangent complex L^. of A* is related to the Kahler differentials 17^., 
but is not quite the same. If $ : A* —>■ is a quasi-isomorphism of cdgas over 
C, then$* : —>• may not be a quasi-isomorphism of B’-modules. 

So Kahler differentials are not well-behaved under localizing quasi-isomorphisms 
of cdgas, which is bad for doing derived algebraic geometry. 

The cotangent complex is a substitute for njj. which is well-behaved 
under localizing quasi-isomorphisms. It is an object in I7(modA), canonical 
up to equivalence. We can define it by replacing A* by a quasi-isomorphic, 
cofibrant (in the sense of model categories) cdga B*, and then setting L^i. = 
(I7)j.) (8 _b« a*. We will be interested in the exterior power A^’Lyi., and the 
dual (Lyi.)^, which is called the tangent complex^ and written = (Lyi.)^. 

There is a de Rham differential ddR : A^’Lyi. —^ A^+^L^., a morphism of 
complexes, with d^pj^ = 0 : A^L^. —A^+^L^.. Note that each A^L^. is also 
a complex with its own internal differential d : (A^’Lyi.)^ —(A^’L^.)^+^, and 
ddR being a morphism of complexes means that d o ddR = ddR o d. 

Similarly, given a morphism of cdgas $ : A* —>■ B*, we can define the relative 
cotangent complex . 

As in 0 §2.3], an important property of our standard form cdgas A* in 
Definition 12.II is that they are sufficiently cofibrant that the Kahler differentials 
17^, provide a model for the cotangent complex L^i., so we can take 17)^, = Ly^., 
without having to replace A* by an unknown cdga B*. Thus standard form 
cdgas are convenient for doing explicit computations with cotangent complexes. 

A morphism $ : A* —>■ B* of cdgas will be called quasi-free if : A° —>• B° 
is a smooth morphism of C-algebras of pure relative dimension, and as a graded 
A* (8AO B°-algebra B* is free and finitely generated in each degree. Here if A* 
is of standard form and $ is quasi-free then B* is of standard form, and a cdga 
A* is of standard form if and only if the unique morphism C —^ A* is quasi-free. 
We will only consider quasi-free morphisms when A*, B* are of standard form. 

If $ : A* —B* is a quasi-free morphism then the relative Kahler differen¬ 
tials r7)j,^^. are a model for the relative cotangent complex Lr./a*i so we can 
take r7]j,^yp, = Lr./a*- Thus quasi-free morphisms are a convenient class of 
morphisms for doing explicit computations with cotangent complexes. 
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2.2 Derived algebraic geometry and derived schemes 

Definition 2.4. Write dStc for the c»-category of derived C-stacks (or D~- 
stacks) defined by Toen and Vezzosi [351 Def. 2.2.2.14], [331 Def. 4.2]. Objects 
X in dStc are oo-functors 

X : {simplicial commutative C-algebras} —> {simplicial sets} 
satisfying sheaf-type conditions. There is a spectrum functor 

Spec : cdgap®* —dStc . 

A derived C-stack X is called an affine derived C-scheme if X is equivalent in 
dStc to Spec A* for some cdga A* over C. As in [331 §4-2], a derived C-stack 
X is called a derived <C-scheme if it may be covered by Zariski open Y X 
with Y an affine derived C-scheme. Write dSchc for the full oo-subcategory of 
derived C-schemes in dStc, and dSch^^ C dSchc for the full oo-subcategory 
of affine derived C-schemes. See also Toen [33] for a different but equivalent 
way to define derived C-schemes, as an oo-category of derived ringed spaces. 

We shall assume throughout this paper that all derived C-schemes X are 
locally finitely presented in the sense of Toen and Vezzosi |351 Def. 1.3.6.4]. Note 
that this is a strong condition, for instance it implies that the cotangent complex 
Lx is perfect [351 Prop. 2.2.2.4]. A locally finitely presented classical C-scheme 
X need not be locally finitely presented as a derived C-scheme. A local normal 
form for locally finitely presented derived C-schemes is given in [31 Th. 4.1]. 

There is a classical truncation functor to : dSchc —> Schc taking a derived 
C-scheme X to the underlying classical C-scheme X = to{X). On affine derived 
schemes dSch^*^ this maps to : SpecA* —>■ Speci/°(A*) = Spec(A°/d(A“^)). 

Toen and Vezzosi show that a derived C-scheme X has a cotangent complex 
Lx [351 §1-4], [331 §4.2.4-§4.2.5] in a stable oo-category L^co\i{X) defined in [331 
§3.1.7, §4.2.4]. We will be interested in the exterior power A^Lx, and the 
dual (Lx)^, which is called the tangent complex Tx- There is a de Rham 
differential doR : A^Lx —t A^+^Lx- 

Restricted to the classical scheme X = to{X), the cotangent complex Lxjx 
may Zariski locally be modelled as a finite complex of vector bundles [F”™ —>■ 
pi-m p'Oj degrees [—m, 0] for some m ^ 0. The (complex) vir¬ 
tual dimension vdimc X is vdimc X = rankF“b It is a locally con¬ 

stant function vdimc : A —>■ Z, so is constant on each connected component 
of X. We say that X has (complex) virtual dimension n S Z if vdimc A = n. 

When A = A is a classical scheme, the homotopy category of Lqcoh(A) 
is the triangulated category Dqcoh(A) of complexes of quasicoherent sheaves. 
These Lx, Tx have the usual properties of (co)tangent complexes. For instance, 
if / : A —)■ A is a morphism in dSchc there is a distinguished triangle 

/*(Ly) —Lx-^ Lx/v-^ /*(W)[1], 

where Lx/y is the relative cotangent complex of /. 
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Now suppose A* is a cdga over C, and X a derived C-scheme with X ~ 
Spec A* in dSchc- Then we have an equivalence of triangulated categories 
Tqcoh(-X^) — I?(mod A), which identifies cotangent complexes Lx — L^.. If 
also A* is of standard form then La« — , so Lx — ■ 

Bussi, Brav and Joyce [H Th. 4.1] prove: 

Theorem 2.5. Suppose X is a derived <C-scheme (as always, assumed locally 
finitely presented), and x € X. Then there exists a standard form cdga A* over 
C and a Zariski open inclusion a. : Spec A* ^ X with x G Ima. 

See Remark 12.21 on the difference in definitions of ‘standard form’. Bussi 
et al. also explain [H Th. 4.2] how to compare two such standard form charts 
SpecyJ* ^ X, SpecB* ^ X on their overlap in X, using a third chart. We 
will need the following conditions on derived C-schemes and their morphisms. 

Definition 2.6. A derived C-scheme X is called separated, or proper, or qua¬ 
sicompact, if the classical C-scheme X = to{X) is separated, or proper, or 
quasicompact, respectively, in the classical sense, as in Hartshorne [M PP- 80, 
96, 100]. Proper implies sperated. A morphism of derived schemes f : X ^ Y 
is proper if to{f) : to{X) to{Y) is proper in the classical sense [161 P- 100]- 

We will need the following nontrivial fact about the relation between classical 
and derived C-schemes. As in Toen [MJ §2.2, p. 186], a derived C-scheme X is 
affine if and only if the classical C-scheme X = to{X) is affine. 

Recall that a morphism a ■. X ^ Y \n Schc (or a : X — T in dSchc) 
is affine if whenever (3 : U —>■ T is a Zariski open inclusion with U affine (or 
P : U ^ Y is Zariski open with U affine), the fibre product X Xa^Y,p U in Schc 
(or homotopy fibre product X pU in dSchc) is also affine. Since X is 
affine if and only if X = to{X) is affine, we see that a morphism a. : X ^Y in 
dSchc is affine if and only if to(ct) : ffi(-^) ffi(^) is affine. 

Now let X be a separated derived C-scheme. Then X = to{X) is a separated 
classical C-scheme, so [161 P- 96] the diagonal morphism Ax : X ^ X x X is 
a closed immersion. But closed immersions are affine, and Ax = to{Ax) for 
Ax : X —>■ X X X the derived diagonal morphism, so Ax is also affine. 
That is, X has affine diagonal. Therefore if Ui,U 2 ^ X are Zariski open 
inclusions with Ui,U 2 affine, then Ui x^C /2 ^X is also Zariski open with 
Ui x\U 2 affine. Thus, finite intersections of open affine derived C-subschemes 
in a separated derived <C-scheme X are affine. 

2.3 PTVV’s shifted symplectic geometry 

Next we summarize parts of the theory of shifted symplectic geometry, as devel¬ 
oped by Pantev, Toen, Vaquie, and Vezzosi in [3D] . We explain them for derived 
C-schemes X, although Pantev et al. work more generally with derived stacks. 

Given a (locally finitely presented) derived C-scheme X and p ^ 0, k G h, 
Pantev et al. m define complexes of k-shifted p-forms A^{X,k) and k-shifted 
closed p-forms Ap'^^(X, k). These are defined first for affine derived C-schemes 
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y = Specyl* for A* a cdga over C, and shown to satisfy etale descent. Then for 
general X, fc-shifted (closed) p-forms are defined as a mapping stack; basically, 
a fc-shifted (closed) p-form a; on X is the functorial choice for all Y, f of a 
fc-shifted (closed) p-form f*{uj) on Y whenever Y = Spec A* is affine and 
f : Y —is a morphism. 

Definition 2.7. Let Y ~ Spec A* be an affine derived C-scheme, for A* a 
cdga over C. A k-shifted p-form on Y for fc € Z is an element uja' G (A^L^.)^ 
with duJA’ = 0 in (A?’Lyi.)^+^, so that uja’ defines a cohomology class [oja’] & 
H^{Ap'La’)- When p = 2, we call uja' nondegenerate, or a k-shifted presymplec- 
tic form, if the induced morphism uja’ ■ ■ L^i. [fc] is a quasi-isomorphism. 

A k-shifted closed p-form on y is a sequence = {uj\., uj\., ,...) such 

that w™. G (AP+^Lyi.)^"’” for to > 0, with dw)^. = 0 and da;)jt™ -I- ddRW™. = 0 
in (AP+™+^L^.)^“™ for all to > 0. Note that if ui\, = ...) is a 

fc-shifted closed p-form then is a fc-shifted p-form. 

When p = 2, we call a fc-shifted closed 2-form ui\, a k-shifted symplectic 
form if the associated 2-form is nondegenerate (presymplectic). 

If X is a general derived C-scheme, then Pantev et al. [30l §1.2] define fc- 
shifted 2-forms lux, which may be nondegenerate {presymplectic), and k-shifted 
closed 2-forms tu^, which have an associated fc-shifted 2-form tu^, and where 
Lu^ is called a k-shifted symplectic form if tu^ is nondegenerate (presymplectic). 
We will not go into the details of this definition for general X. 

The important thing for us is this: if y C X is a Zariski open affine derived 
C-subscheme with Y ~ Spec A* then a fc-shifted 2-form oux (or a fc-shifted 
closed 2-form w^f) on X induces a fc-shifted 2-form wa* (or a fc-shifted closed 
2-form lua') Y in the sense above, where wa* is unique up to cohomology in 
the complex ((A^LA*)*,d) (or u}\, is unique up to cohomology in the complex 
'^ + ‘^dR)), and ujx nondegenerate/presymplectic (or 
symplectic) implies wa* nondegenerate/presymplectic (or lu’^. symplectic). 

It is easy to show that if X is a derived C-scheme with a fc-shifted symplectic 
or presymplectic form, then fc ^ 0, and the complex virtual dimension vdimc X 
satisfies vdimc X = 0 if fc is odd, and vdimc X is even if fc = 0 mod 4 (which 
includes classical complex symplectic schemes when fc = 0), and vdimc X G Z 
if fc = 2 mod 4. In particular, in the case fc = —2 of interest in this paper, 
vdimc X can take any value in Z. 

The main examples we have in mind come from Pantev et al. [301 §2.1]: 

Theorem 2.8. Suppose Y is a Calabi-Yau m-fold over C, and Xi a derived 
moduli stack of coherent sheaves (or complexes of coherent sheaves) on Y. Then 
Xi has a natural (2 — m)-shifted symplectic form luaa.. 

In particular, derived moduli schemes and stacks on a Calabi-Yau 4-fold Y 
are —2-shifted symplectic. 

Bussi, Brav and Joyce [J] prove ‘Darboux Theorems’ for fc-shifted symplectic 
derived C-schemes {X,ojx) for fc < 0, which give explicit Zariski local models 
for (X,a;x)- We will explain their main result for fc = — 2. The next definition 
is taken from [d] Ex. 5.16] (with notation changed, 2.qjSj in place of Sj). 
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Definition 2.9. A pair (A*,w^.) is called in —2-Darboux form if A* is a stan¬ 
dard form cdga over C, and uja- G (A^L^.)”^ = (A^fl^.with dw^* = 0 in 
(A^L^. and ddRWyi. = 0 in (A^L^. so that uj\. := (wa* , 0,0,...) is a 
—2-shifted closed 2-form on A*, such that: 

(i) AO is a smooth C-algebra of dimension to, and there exist xi,... ,Xm in 
AO forming an etale coordinate system on V = Spec AO. 

(ii) The commutative graded algebra A* is freely generated over AO by ele¬ 
ments 2 / 1 ,..., j/ra of degree —1 and Zi,..., Zm of degree —2. 

(ill) There are invertible elements gi,..., in AO such that 


LUA’ = ddRZi ddRXi -I- • ■ • -I- ddRZm ddRS^m 

+ ddR(gi2/l) ddR2/l H-f ddR(gn2/n) ddR2/n 


( 2 . 1 ) 


(iv) There are elements si,..., s„ G AO satisfying 

9i(si)^H-hgn(s„)^ = 0 in AO, 

such that the differential d on A* = (A*, d) is given by 


dxi = 0, dyj = Sj, dz^ ='^yj[ 


i=i 


dsj 
' dxi 


dxi 


( 2 . 2 ) 


(2.3) 


Here the only assumptions are that AO, xi,..., Xm are as in (i) and we are 
given qi,... ,qn,si,... ,Sn in AO satisfying (I2.2|l . and everything else follows 
from these. Defining A* as in (ii) and d as in p.3|l . then A* = (A*,d) is a 
standard form cdga over C, where to show that d o dzi = 0 we apply to 
(1^ . Clearly ddRWn* = 0, as ddR o ddR = 0. We have 


dooA- = Z) (d o ddRZi)ddRCCi + Z (d o ddR(gj2/i))ddR2/j + (d o ddR2/j)ddR((?j2/i) 
i=i j=i 

m n 

= -ddR z dziddKXi - ddR Z [d(gi2/j)ddR2/j + ^yj<^dRiqjyj)] 

i=l j=l 


= -ddR z Z %(29i|^ + Sj |^)ddRa;i - ddR Z fes^ddRl/i + 'SiddR(gj2/j)] 

i=lj=l ‘ ’ j=l 

n 

= -ddR o ddR Z [iqjSj)yj + Sjiqjyj)] = 0 , 

nsing (12.11) and doddRa:^ = 0 for degree reasons in the first step, doddR = —ddRod 
and ddR o ddR = 0 in the second, (lOl) in the third, ds^ = ZLi and 

similarly for qj in the fourth, and ddR o ddR = 0 in the fifth. Hence uj'^, is a 
—2-shifted closed 2-form on A*. 
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The action oja’ ■ '■ T^. —L/i* [—2] is given by 


d ^ ^ dq, ^ 

WA. • ^ = -ddR^^ + 2^ -^Vj ddR% , 
* i=i * 


d f'lt r\ 

^ OQj . a . 

UJA* • ^ = 2qjddnyj - Z^Vj-^^dRXi, uja* • ^ = ddRX^ 
2=1 ^ 


dzi 


By writing this as an upper triangular matrix with invertible diagonal (since 
the Qj are invertible), we see that wa* ■ is actually an isomorphism of complexes, 
so a quasi-isomorphism, and uj\, is a —2-shifted symplectic form on A*. 

The main result of Bussi, Brav and Joyce [H Th. 5.18] when k = —2 yields: 

Theorem 2.10. Suppose {X,u!'^) is a —2-shifted symplectic derived <C-scheme. 
Then for each x G X = tQ{X) there exists a pair (A*,wa*) in —2-Darboux 
form and a Zariski open inclusion a : Spec A* ^ X such that x G Imcc and 
ot*{uj*x)—ijjA’ m ylp'^*(Spec A*, —2). Furthermore, we can choose A* minimal 
at X, in the sense that m = dimiJ°(Tx|x), n = dimiJ^(Tx|x) in Dehnition 12.91 


2.4 Orientations on fc-shifted symplectic derived schemes 

If X is a derived C-scheme (always assumed locally finitely presented), with 
classical C-scheme X = to{X), the cotangent complex Lx|x restricted to X is 
a perfect complex, so it has a determinant line bundle det(Lx|x) on X. 

The following notion is important for — 1-shifted symplectic derived schemes, 
3-Calabi-Yau moduli spaces, and generalizations of Donaldson-Thomas theory: 

Definition 2.11. Let {X,ujx) be a —1-shifted symplectic derived C-scheme 
(or more generally fc-shifted symplectic, for k < 0 odd). An orientation for 
(X,ujx) is a choice of square root line bundle det(Lx|x )^/^ for det(Lx| x)- 

Writing X^n for the complex analytic topological space of X, the obstruc¬ 
tion to existence of orientations for {X,uJx) lies in iJ^(Aan;Z 2 ), and if the 
obstruction vanishes, the set of orientations is a torsor for iJ^(Aan;Z 2 ). 

This notion of orientation, and its analogue for ‘d-critical loci’, are used by 
Ben-Bassat, Brav, Bussi, Dupont, Joyce, Meinhardt, and Szendroi in a series of 
papers They use orientations on (X,a;^) to define natural perverse 

sheaves, D-modules, mixed Hodge modules, and motives on X. A similar idea 
first appeared in Kontsevich and Soibelman [25l §5] as ‘orientation data’ needed 
to define motivic Donaldson-Thomas invariants of Calabi-Yau 3-folds. 

This paper concerns —2-shifted symplectic derived schemes, and 4-Calabi- 
Yau moduli spaces. It turns out that there is a parallel notion of orientation in 
the —2-shifted case, needed to construct virtual cycles. 

To define this, note that determinant line bundles det(A*) of perfect com¬ 
plexes £* satisfy det[(A*)'^] = [det(A*)]“^, and det(£’*[fc]) = [det(£’*)](“^)*’. If 
{X,u}*x) is a fc-shifted symplectic derived C-scheme, then Tx — Lx[fc], where 
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Tx — (Lx)^- Restricting to X and taking determinant line bundles gives 
det(Lxlx)-' =det(Lx|x)^-') ■ k is odd this is trivial, but for k even, this 
gives a canonical isomorphism of line bundles on X: 

tx,^^ : [det(Lxlx)]®' ^ Ox = of. (2.4) 

The next definition is new, so far as the authors know. 

Definition 2.12. Let (X,Wx) be a —2-shifted symplectic derived C-scheme 
(or more generally A:-shifted symplectic, for fc < 0 with k = 2 mod 4). An 
orientation for is a choice of isomorphism o : det(Lx|x) Ox such 

that o®o = Lx.bj^, for as in (12.4p . 

Writing X^n for the complex analytic topological space of X, the obstruc¬ 
tion to existence of orientations for (X,a;x) lies in H^{Xg,n','^ 2 ), and if the 
obstruction vanishes, the set of orientations is a torsor for iL°(Aran; Z 2 ). 

This definition makes sense for A:-shifted symplectic derived C-schemes with 
k even, but when fc = 0 mod 4 (including the classical symplectic case k = 0) 
there is a natural choice of orientation o, so we restrict to k = 2 mod 4. 

At a point x € Alan, we have a canonical isomorphism 

det(LxU) = A‘°PiL0(LxU) 0 [A‘°PiL-i(LxU)]* ® A*°PLr-2(LxU). 

Now H-\hxU) = H\TxUr, and gives H°{hx\.) = H-^LxU)*, so 
A*°PiL°(LxU) — [A‘°PiL“^(LxU)]*- Thus we have a canonical isomorphism 

det(LxU) = A‘°PLri(TxU). (2.5) 

Write Qx for the nondegenerate, symmetric C-bilinear pairing 

Qx := U • : H\TxU) x H\Tx\x) C. (2.6) 

The determinant det Qx is an isomorphism [A*°p7J^(TxU)]® ^ C, and det Qx 
corresponds to I'X.ui’^ \x under the isomorphism (12.5|) . There is a natural bijection 

{orientations on {X,ujx) at x} = {C-orientations on {H^{Tx\x),Qx)}- (2.7) 

To see this, note that if (ei,..., e^) is an orthonormal basis for {H^{Tx\x), Qx) 
then Cl A ■ • ■ A Cn lies in A*°Pi7^(TxU) with detQa, : [ei A • ■ • A e„]®^ i-)- 1. 
Orientations for {X,ujx) at x give isomorphisms A : A*^°Pi7^(TxU) ^ C with 
= det Qx, and these correspond to orientations for {H^ (Tx U), Qx) such that 
A : Cl A • • • A e„ M- 1 if (ei,..., e„) is an oriented orthonormal basis. 

2.5 Kuranishi atlases 

We now define our notion of Kuranishi atlas on a topological space X. These 
are a simplification of m-Kuranishi spaces in [221 §4.7], which in turn are based 
on the ‘Kuranishi spaces’ of Fukaya, Oh, Ohta, Ono [T4l[T5]. 
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Definition 2.13. Let X be a topological space. A Kuranishi neighbourhood on 
A is a quadruple {V, E, s, ip) such that: 

(a) F is a smooth manifold. 

(b) TT : A —>■ y is a real vector bundle over V, called the obstruction bundle. 

(c) s : F —7- i? is a smooth section of E, called the Kuranishi section. 

(d) ^ is a homeomorphism from s“^(0) to an open subset R = Imip in A, 
where Im^/> = {^’( 2 :) : x G s“^(0)} is the image of ip. 

If S' C A is open, by a Kuranishi neighbourhood over S, we mean a Kuranishi 
neighbourhood {V,E,s,ip) on A with S C Imip C A. 


Definition 2.14. Let {Vj,Ej,sj,ipj),{VK,EK,SK,fpK) be Kuranishi neigh¬ 
bourhoods on a topological space A, and S Clvaipj C\ ImipK C A be open. A 
coordinate change ^jk '■ (Vj, Ej, sj,ipj) ^ (Vk, Ek, sk,iPk) over S is a triple 
^.JK = (VjkAjkAjk) satisfying: 


(a) VjK is an open neighbourhood of ipj^{S) in Vj. 

(b) (pjK ■ VjK ^ Vk is a smooth map. 


(c) (pjK '■ Ej\vjk 4‘*jk{Ek) is a morphism of vector bundles on Vjk- 

(d) hK{sj\vjK) = 

(e) ipj = ipKO (pjK on s7^(0) n Vjk- 

(f) Let X G S, and set vj = ipj^{x) G Vj and vr = iPk^{x) G Vr- Then the 


following is an exact sequence of real vector spaces: 




, , -i‘JK\v .©dsicUR. 

Ej\vj®Tvk^K -^ Er\i 


■ 0 . ( 2 . 8 ) 


We can compose coordinate changes: if ^jr = {yjK,<pjR,(pjR) : (Vj,Ej, 
sj,ipj) {Vk,Ek,sk,iPr) and ^kl{Vkl,(Pkl,<Pkl) : {Vr, Er, sr,iPk) 
{Vl,El,sl,'4’l) are coordinate changes over Sjr,Srl, then 


^KL O ^JK ■= {VjK n <Pj^{Vrl), (pKL ° (Pjk\--,4>*Jk{^Kl) O ^Jk\ .) '■ 

{Vj,Ej,sj,ipj) — {Vl,El,sl,iPl) 


is a coordinate change over Sjr fl Srl. 

Definition 2.15. A Kuranishi atlas K. of virtual dimension n on a topological 
space A is data A = (A, (Vj, Ej, sj, f/'j) je. 4 , ^jk, j^k^a) , where: 

(a) A is an indexing set (not necessarily finite). 

(b) ^ is a partial order on A, where by convention J ^ K only ii J K. 

(c) {Vj, Ej, Sj, ipj) is a Kuranishi neighbourhood on A for each J G A, with 
dim Vj — rank Ej = n. 

(d) The images Im ipj <G X for J G A have the property that \i J,K G A with 
J ^ K and Im ipj fl Im ipR ^ 0 then either J ^ K or K < J. 
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(e) ^jK = {Vjk,4'JK,4>Jk) '■ {Vj,Ej,sj,'il)j) (Vr-, sk, V’a') is a coor¬ 
dinate change for all J,K € A with J ^ K, over S = Imipj n Im-ipK- 

(f) ^KL o ^JK = ^JL for all J, K, L G A with J ^ K L. 

(g) 

We call 1C a finite Kuranishi atlas if the indexing set A is hnite. 

If X has a Kuranishi atlas then it is locally compact. In applications we 
invariably impose extra global topological conditions on X, for instance X might 
be assumed to be compact and Hausdorff; or Hausdorff and second countable; 
or metrizable; or Hausdorff and paracompact. 

We will also need a relative version of Kuranishi atlas in il3.7l Suppose Z is 
a manifold, and tt : X ^ Z a continuous map. A relative Kuranishi atlas for 
TT : A —Z is a Kuranishi atlas /C on A as above, together with smooth maps 
vjj : Vj —Z for J G A, such that = tt o t/jj : Sj^(O) —>■ Z for all 

J G A, and wj\vjk = '^k o fijK ■ Vjk —t Z for all J -< A in A. 

Definition 2.16. Let A be a topological space, with a Kuranishi atlas A as 
in Definition 12.151 For each J G A we can form the C°° real line bundle 
X°PT*Vj ® A*°PAj over Vj, where A*°p(---) means the top exterior power. 
Thus we can form the restriction 

(A‘°pr*K/ ® ^ s-j\Q), 

considered as a topological real line bundle over the topological space Sj^(O). 

If J ^ A in A then for each vj in Sj^(0)nVjif with fijxivj) = vk in 
we have an exact sequence (j2.8|) . Taking top exterior powers in (12.811 (and using 
a suitable orientation convention) gives an isomorphism 

a*°pt;^Kj 0 A*°PAj|„, ^ ® a*°pa^|,^. 

This depends continuously on vj,vk, and so induces an isomorphism of topo¬ 
logical line bundles on I"' 

: (A‘°PTWj ® ^ fijK\*..{A*°^T*VK 0 A*°pAk). 

If J ^ A -< L in A then as ^kl o ^jk = ^jl by Dehnition l2.15l fl. we see that 
{^kl)* o {^jk)* = in topological line bundles over Sj^{0) n VjkC]Vjl- 

An orientation on (A, A) is a choice of orientation on the fibres of the topo¬ 
logical real line bundle (A*°PT*Vj0A*°PAj)|g-i^p^ on s7^(0) for all J G A, such 

that ('hjR')* is orientation-preserving on s7^(0) Vjk for all J ^ A in A. 

An equivalent way to think about this is that there is a natural topological 
real line bundle Kx —^ A called the canonical bundle with given isomorphisms 

oj : (A*°PTWj0A*°PAj)|,-X(o) ^V;}(Ax) 

for J G A, such that ''j|s-i(o)nyjK = 4>jKi‘-K) ° {^jk)* for all J ^ A in A, and 
an orientation on (A, A) is an orientation on the fibres of Kx ■ 
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Remark 2.17. (a) Our Kuranishi atlases are based on Joyce’s ‘m-Kuranishi 
spaces’ [22l §4.7]. They are similar to Fukaya-Oh-Ohta-Ono’s ‘good coordinate 
systems’ [TU Lem. Al.ll], [THl Def. 6.1], and McDuff-Wehrheim’s ‘Kuranishi 
atlases ’EHHI- Our orientations are based on [T?l Def. 5.8] and [TU Def. A1.17]. 

There are two important differences with [14lll5ll27ll28j . Firstly, fTTOITTlI^ 
use Kuranishi neighbourhoods (F, A, F, s, ■)/)), where F is a finite group acting 
equivariantly on V,E,s and ip maps s“^(0)/r —>■ X. This is because their 
Kuranishi spaces are a kind of derived orbifolds, not derived manifolds. 

Secondly, [HdllSIllSH] use a more restrictive notion of coordinate change 
^JK = {Vjk,4>JkAjk), in which (pjK : Vjk ^ Vk must be an embed¬ 
ding, and (pjK ■ Ej\vjk ^ 4>*jk{Ek) an embedding of vector bundles, so that 
dim Vj ^ dim Vk and rankAj ^ rankA^- In the Kuranishi atlases we construct 
later, (pjK '■ Vjk —>• Vk will be a submersion, and (pjK ■ Ej\vjk 4‘*jk{Ek) 
will be surjective, so that dimFj dimF/f and rankAj ^ rankA^f. That is, 
our coordinate changes actually go the opposite way to those in [iiiiniisziisE]. 
(b) Similar structures to Kuranishi atlases are studied [T^[TS1[^271I28] because 
it is natural to construct them on many differential-geometric moduli spaces. 
Broadly speaking, any moduli space of solutions of a smooth nonlinear elliptic 
p.d.e. on a compact manifold should admit a Kuranishi atlas. References [TTO 
mm concern moduli spaces of J-holomorphic curves in symplectic geometry. 

2.6 Derived smooth manifolds and virtual classes 

Readers of this paper do not need to know what a derived manifold is. Here is 
a brief summary of the points relevant to this paper: 

• ‘Derived manifolds’ are derived versions of smooth manifolds, where ‘de¬ 
rived’ is in the sense of Derived Algebraic Geometry. 

• There are several different versions, due to Spivak EH, Borisov-Noel [6U7] 
and Joyce [TSHSHIEZ], which form oo-categories or 2-categories. They all 
include ordinary manifolds Man as a full subcategory. 

• All these versions are roughly equivalent. There are natural 1-1 correspon¬ 
dences between equivalence classes of derived manifolds in each theory. 

• Much of classical differential geometry generalizes nicely to derived man¬ 
ifolds - submersions, orientations, transverse fibre products, .... 

• Given a Hausdorff, second countable topological space X with a Kuranishi 
atlas /C of dimension n, we can construct a derived manifold X with 
topological space X and dimension vdim X = n, unique up to equivalence. 
Orientations on (X,IC) are in 1-1 correspondence with orientations on X. 

• Gompact, oriented derived manifolds X have virtual classes [lAJvirt in ho¬ 
mology or bordism, generalizing the fundamental class [A] e Rdimx(A; Z) 
of a compact oriented manifold A. 

• These virtual classes are used to define enumerative invariants such as 
Gromov-Witten, Donaldson, and Donaldson-Thomas invariants. Such 
invariants are unchanged under deformations of the underlying geometry. 
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• Given a compact HausdorfF topological space X with an oriented Kuranishi 
atlas /C, we could construct the virtual class [X]virt directly from {X,IC), 
as in [ni[T5i[?n[^- without going via the derived manifold X. 

Readers who do not want to know more details can now skip forward to ^ 

2.6.1 Different definitions of derived manifold 

The earliest reference to derived differential geometry we are aware of is a short 
final paragraph by Jacob Lurie [IHl §4-5]. Broadly following §4.5], Lurie’s 
student David Spivak m constructed an oo-category DerManspi of ‘derived 
manifolds’. Borisov and Noel [7] gave a simplified version, an oo-category 
DerManBoNo, and showed that DerManspi — DerManeoNo. 

Joyce [T8U20] defined 2-categories dMan of ‘d-manifolds’ (a kind of derived 
manifold), and dOrb of ‘d-orbifolds’ (a kind of derived orbifold), and also strict 
2-categories of d-manifolds and d-orbifolds with boundary dMan*”, dOrb*” and 
with corners dMan*’, dOrb'’, and studied their differential geometry in detail. 

Borisov [5] constructed a 2-functor F : 7r2(DerManBoNo) ^ dMan, where 
712(DerManBoNo) is the 2-category truncation of DerManBoNo, and proved 
that F is close to being an equivalence of 2-categories. 

All of [51171 [TM^ 1^151] use ‘(7°“-algebraic geometry’, as in Joyce [T7], a 
version of (derived) algebraic geometry in which rings are replaced by ‘Cu¬ 
rings’, and define derived manifolds to be special kinds of ‘derived C°°-schemes’. 

In ^2i, Joyce gave an alternative approach to derived differential geometry 
based on the work of Fukaya et al. [Ml da. He defined 2-categories of ‘m- 
Kuranishi spaces’ mKur, a kind of derived manifold, and ‘Kuranishi spaces’ 
Kur, a kind of derived orbifold. Here m-Kuranishi spaces are similar to a pair 
(X, /C) of a HausdorfF, second countable topological space X and a Kuranishi 
atlas K. in the sense of >12.51 In Joyce defines equivalences of 2-categories 
dMan ~ mKur and dOrb ~ Kur, showing that the two approaches to derived 
differential geometry of [18150] and [00] are essentially the same. 

2.6.2 Orientations on derived manifolds 

Derived manifolds have a good notion of orientation, which behaves much like 
orientations on ordinary manifolds. Some references are Joyce [TH §4.8], [TH 
§4.8], [Oni §4.6] for d-manifolds, Joyce [23] for m-Kuranishi spaces, and Fukaya, 
Oh, Ohta and Ono [El §5], [Ml §A1.1] for Kuranishi spaces in their sense. 

For any kind of derived manifold X, we can define a (topological or C°°) 
real line bundle Kx over the topological space X called the canonical bundle. 
It is the determinant line bundle of the cotangent complex Lx. For each x € X 
we can define a tangent space T^X and obstruction space OxX, and then 

Kx\x = a*°pt*x a‘°po,a:. 

An orientation on X is an orientation on the fibres of Kx ■ In a similar way to 
(571) . at a single point x G X we have a natural bijection 

{orientations on X at x} = {orientations on T*X © OxX}. (2.9) 
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If (y, E, s, Ip) is a Kuranishi neighbourhood on X and v € s ^(0) C y with 
ipiv) = X G X, then there is a natural exact sequence 

0- ^T^x - ^TyV -——- ^Oa:X -^0. (2.10) 

Taking top exterior powers in (12.1011 gives an isomorphism 

KxU = ^ A*°PT;y ®r a*°ps|,, 

and thus, with a suitable orientation convention, a natural bijection 
{orientations on X at a;} = {orientations on T*y 0 

2.6.3 Kuranishi atlases and derived manifolds 

The next theorem relates topological spaces with Kuranishi atlases to derived 
manifolds. The assumption that X is Hausdorff and second countable is just 
to match the global topological assumptions in [7l [T8lj2nl[22l[3T] . For the last 
part we restrict to (a),(b) as orientations have not been written down for the 
theories of (c),(d), although this would not be very difficult. 

Theorem 2.18. Let X be a Hausdorff, second countable topological space with 
a Kuranishi atlas K, of dimension n in the sense of 112.51 Then we can construct 

(a) An m-Kuranishi space X in the sense of Joyce [5^ §4.7]. 

(b) A d-manifold X in the sense of Joyce [181120) . 

(c) A derived manifold in the sense of Borisov and Noel [7] . 

(d) A derived manifold in the sense of Spivak [31j . 

In each case X has topological space X and dimension vdimX = n, and X is 
canonical up to equivalence in the 2-categories mKnr, dMan or oo-categories 
DerManBoNo, DerManspi. In cases (a),(b) there is a natural 1-1 correspon¬ 
dence between orientations on 1C, and orientations on X in [23] and [181120) . 

If also Z is a manifold, ir : X ^ Z is continuous, and K,wj.,j^a is a relative 
Kuranishi atlas for n : X ^ Z, then we can construct a morphism of derived 
manifolds tt : X —> Z, canonical up to 2-isomorphism, with continuous map tt. 

Proof. Part (a) follows from [22l Th. 4.67] in the m-Kuranishi space case, 
and part (b) from [THl Th. 4.16], in each case with topological space X, and 
vdimX = n, and X canonical up to equivalence in mKnr, dMan. Part (c) 
then follows from (b) and Borisov |6], and part (d) from (c) and Borisov and 
Noel [7]. The 1-1 correspondences of orientations can be proved by comparing 
Definition 12.161 with 112.6.21 The last part also follows from [HI Th. 4.16]. □ 

2.6.4 Bordism for derived manifolds 

We now discuss bordism, following [181 §4-10], [TH §15] and [20l §13]. 
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Definition 2.19. Let F be a manifold, and k €N. Consider pairs {X, /), where 
X is a compact, oriented manifold with dim X = k, and f : X ^ Y is a smooth 
map. Define an equivalence relation ^ on such pairs by (X, /) ^ {X', /') if there 
exists a compact, oriented {k + l)-manifold with boundary W, a smooth map 
e : W —>■ V, and a diffeomorphism of oriented manifolds j : —X 11 X' —>• dW^ 
such that / n /' = e o o j , where —X is X with the opposite orientation, and 
iw '■ dW ^ lb is the inclusion map. 

Write [X,f] for the ^-equivalence class {bordism class) of a pair (X,/). 
Define the bordism group Bk(Y) of Y to be the set of all such bordism classes 
[X,/] with dimX = k. It is an abelian group, with zero Ov = [0,0], addition 
[X, /] + [X', /'] = [X n X', / n /'], and inverses -[X, /] = [-X, /]. 

Define ■ Bk{Y) ^ iLfc(r;Z) by : [X,/] ^ /.([X]), where 

iL*(—;Z) is singular homology, and [X] € Hk{X;h) is the fundamental class. 

When Y is the point *, the maps f : X ^ e : W ^ * are trivial, and we 
can omit them, and consider Bk{*) to be the abelian group of bordism classes 
[X] of compact, oriented, fc-dimensional manifolds X. 

As in Conner HH §1.5], bordism is a generalized homology theory. Results 
of Thom, Wall and others in [TTl §1.2] compute the bordism groups Bk{*). We 
define d-manifold bordism by replacing manifolds X in [X, /] by d-manifolds X: 

Definition 2.20. Let T be a manifold, and k € h. Consider pairs (X,/), 
where X € dMan is a compact, oriented d-manifold with vdimX = k, and 
S-X —>■ y is a 1-morphism in dMan. 

Define an equivalence relation ~ between such pairs by (X, /) ^ (X', /') if 
there exists a compact, oriented d-manifold with boundary W with vdimVF = 
fc -I- 1, a 1-morphism e : W —5> X in dMan*^, an equivalence of oriented d- 
manifolds j : —X 11 X' —>• dW, and a 2-morphism p : f il f' ^ e o o j, 
where iw '■ dW —W is the natural 1-morphism. 

Write [X, /] for the ^-equivalence class {d-bordism class) of a pair (X, /). 
Define the d-bordism group dBk(Y) of X to be the set of d-bordism classes [X, /] 
with vdimX = k. As for Bk{Y), it is an abelian group, with zero Oy = [0,0], 
addition [X, /] + [X', /'] = [X n X', / n /'], and -[X, /] = [-X, /]. Define 
: Bk{Y) ^ dBk{Y) for fc ^ 0 by R^bo : [X, /] ^ [X, /]. 

When X is a point *, we can omit / : X —*, and consider dBk{*) to be the 
abelian group of d-bordism classes [X] of compact, oriented d-manifolds X. 

In [20l §13.2] we show B^{Y) and dB^,{Y) are isomorphic. See [3TJ Th. 2.6] 
for an analogous (unoriented) result for Spivak’s derived manifolds. 

Theorem 2.21. For any manifold X, we have dB^fY) = 0 for k < 0, and 
nbb° : BkiY) —> dBk(Y) is an isomorphism for k ^ 0. 

The main idea of the proof of Theorem 12.211 is that (compact, oriented) d- 
manifolds X can be turned into (compact, oriented) manifolds X by a small 
perturbation. By Theorem 12.211 we may define a projection nj]]]™ : dBk{Y) —>• 
Hk(Y- Z) for fc > 0 by o (ndb°)-i. We think of as a virtual 

class map, and call [X]virt = n[]j(™([X,/]) the virtual class. Virtual classes 
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are used in several areas of geometry to construct enumerative invariants using 
moduli spaces, for example in [Ml §A1], [151 §6] for Fukaya-Oh-Ohta-Ono’s 
Kuranishi spaces, and in Behrend and Fantechi [T] in algebraic geometry. 

2.6.5 Virtual classes for derived manifolds in homology 

If V is a compact, oriented derived manifold of dimension k G h we can also de¬ 
fine a virtual class [XJvirt in the homology Hk{X\Ij) of the underlying topologi¬ 
cal space V, for a suitable homology theory. By [lH Cor. 4.30] or [191 Cor. 4.31] 
or [^ Th. 4.29], we can choose an embedding f : X ^ K" for n ^ 0. If F 
is an open neighbourhood of f{X) in R" then ^2.6.41 defines /]) in 

Hk(Y ; Z). We also have a pushforward map /* : Hk{X;Z) Hk{Y ; Z). 

If V is a Euclidean Neighbourhood Retract (ENR), we can choose Y so that 
it retracts onto f{X), and then /* : Hk{X]'Z) —>■ iJfc(F;Z) is an isomorphism, 
so we can define the virtual class [V]virt = ° nj]]]™([V,/]) in ordinary 

homology 7Jfc(X;Z). This [X]virt is independent of the choices of f,n,Y. 

General derived manifolds may not be ENRs. In this case we use a trick the 
authors learned from McDuff and Wehrheim [28l §7.5]. Choose a sequence M” A 
Fi A F2 ■ of open neighbourhoods of f{X) in R" with f{X) = Yi- 
Now Steenrod homology ;Z) (see Milnor [2^) is a homology theory with 

the nice properties that i7f*(Fi;Z) ~ H^{Yi;Z) as Yi is a manifold, and as 
f{X) = ni>i Yi we have an isomorphism with the inverse limit 


i7f(/(V);Z) (r,;Z). 


( 2 . 11 ) 


Cech homology i7*(—; Q) over Q (the dual Q-vector spaces to Cech cohomology 
has the same limiting property. Then writing fi = f:X^Yi, 



([^./^]) in Hl\f{X);Z), so that 

[X]virt := (/.)-'[^oin^r([x,/j)] 


is a virtual class in i7|*(V;Z), or similarly in Hk{X;Q). Here [V]virt is inde¬ 
pendent of the choices of f,n,Yi. 

For the examples in this paper, X is the complex analytic topological space 
of a proper C-scheme, and therefore an ENR. Then Z) = Hk{X\Z) and 

Hk{X',Q) = Hk{X;<Q), and the virtual class lives in ordinary homology. 

3 The main results 

We now give our main results. We begin in T3.II with a general existence result 
for a special kind of atlas for tt : X —>• F, where X is a separated derived C- 
scheme and Z a smooth affine classical C-scheme, an atlas in which the charts 
are spectra of standard form cdgas, the coordinate changes are quasi-free, and 
composition of coordinate changes is strictly associative. 

Sections I3.2H3.5I build up to our primary goal. Theorems 13.151 and 13.161 in 
T3.51 which show that to a separated, — 2-shifted symplectic derived C-scheme 
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iX,uJx) with vdimc-X' = n and complex analytic topological space Xan, we 
can build a Kuranishi atlas /C on Xan, and so construct a derived manifold 
Xdm with topological space Xan, with vdimRXdm = n. In tl3.6l we show that 
orientations on {X,ujx) and on (Xan,/C) and on Xdm correspond, and prove 
that for (X,uJx) proper and oriented, the bordism class [Xdm] € dBn(*) is a 
‘virtual cycle’ independent of choices. 

Section [37fl extends 113.2l - il3.6l to families (tt : X —>• Z,[ujx/z\) over a con¬ 
nected base C-scheme Z, and shows that the bordism class G dBn{*) 

associated to a fibre is independent of z G Z^n- Finally, il3.8l - il3.9l dis- 

cuss applying our results to define Donaldson-Thomas style invariants ‘counting’ 
coherent sheaves on Calabi-Yau 4-folds, and motivation from gauge theory. 


3.1 Zariski homotopy atlases on derived schemes 

Derived schemes and stacks, discussed in mi are very abstract objects, and 
difficult to do computations with. But standard form cdgas A *, B* and quasi- 
free morphisms $ ; A* —>■ in 112.11 are easy to work with explicitly. Our 

first main result, proved in SJH constructs well-behaved homotopy atlases for a 
derived scheme X, built from standard form cdgas and quasi-free morphisms. 

Theorem 3.1. Let X be a separated derived C-scheme, Z = SpecB be a 
smooth classical affine C-scheme for B a smooth C-algebra of pure dimension, 
and Tz : X ^ Z be a morphism. Suppose we are given data {(A*, Oi,/3i) : i G 
/}, where I is an indexing set and for each i G I, A* G cdgaj- is a standard 
form cdga, and oti : Spec A* ^ X is a Zariski open inclusion in dSchc, 
and Pi : B ^ A^ is a smooth morphism of classical C-algebras such that the 
following diagram homotopy commutes in dSchc: 


Spec A* 



SpecS 



(3.1) 


regarding pi as a morphism B ^ A*. Then we can construct the following data: 

(i) For all finite subsets % ^ J C I, a standard form cdga A*j G cdga^, 
a Zariski open inclusion aj : Spec A* ^ X, with image Imoj = 
Pljgj Imcti, and a smooth morphism of classical C-algebras Pj : B ^ Aj, 
such that the following diagram homotopy commutes in dSchc: 


Spec A* 



SpecB 



(3.2) 


and when J = {f} for i G I we have A*^| = A*, ctp} = OLi, and /3|q = Pi. 

(ii) For all inclusions of finite subsets % ^ K G J Q I, a quasi-free morphism 
of standard form cdgas ^jk ■ A^ Af with Pj = ^jk ° Pk ■ B Aj, 
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such that the following diagram homotopy commutes in dSchc: 


Spec^l}-^ Spec^^ 



(3.3) 


and if Cl then ^jl = ^jk o ^kl '■ ^ Aj. 


3.2 Interpreting Zariski atlases nsing complex geometry 

Given a —2-shifted symplectic derived C-scheme (X,a;^) satisfying conditions, 
we will construct a derived manifold structure Xdm on the complex analytic 
topological space Xan underlying X. To do this, we need a change of language: 
we have to pass from talking about derived schemes X, cdgas A* , etc., to talking 
about smooth manifolds V, vector bundles E smooth sections s :V ^ E, 
as will be built by gluing together such local Kuranishi models {V, E, s). 

Therefore we now rewrite part of the output A*, fij : B ^ APj, ^jk '■ 
A*j —^ A*j^ of Theorem l3.1l in terms of complex manifolds V ^ holomorphic vector 
bundles E ^ V, and holomorphic sections s : V ^ E. In ^3.51 we will pass to 
certain real vector bundles E'^ = E/E~ to define Xdm- 

First we interpret standard form cdgas A* G cdga^- using holomorphic 
data. We discuss only data from degrees 0, —1, —2 in A*, as this is all we 
need, but one could also define vector bundles G,E[,.. . over V corresponding 
to M~^, M ~'^,..., and many vector bundle morphisms, satisfying equations. 

Definition 3.2. Let A* = (■ • • —>■ ^ be a standard form 

cdga over C, as in H2.ll Then A^ is a finitely generated smooth C-algebra, so 
yaig gp 0 (;^o jg ^ smooth affine C-scheme, assumed of pure dimension, as 
in blov^ any C scheme S has an underlying complex analytic space 

which is a complex manifold if S is smooth and of pure dimension. 

Write V for the complex manifold (C®''®)an associated to = Spec^°. 

As A* is of standard form, the graded C-algebra A* is freely generated 
over A^ by a series of finitely generated free A°-modules C A~^, M~‘^ C 

_Thus A-^ ^ ^ 0 A^oM“\ and so on, giving 

M-^=A-^, ^A-^/A\oA-^, .... (3.4) 

Hence, the M* are determined by A* as A°-modules up to canonical isomor¬ 
phism, although for i ^ —2 the inclusions M* ^ A* involve an arbitrary choice. 

Now finitely generated free A°-modules M are those of the form M = 
7 j 0 (( 7 aig^ for H®''® = SpecA° a trivial algebraic vector bundle. Write 

^aig yaig^ ^aig yalg trivial algebraic vector bundles (unique up to 

canonical isomorphism) with M~^ = 7J°((i?®'^®)*), = 7J‘’((F‘^*®)*). That 

is, we set = SpecSym)^o(M“^), and so on. Write E —>• H, E —>• C for the 
holomorphic vector bundles corresponding to E®''s,E®''s. 
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We now have isomorphisms 


^-2 ^ ^ 0 ((^alg)*) ^_g- 0 (A 2 (^alg)*)^ 

Thus d : A~^ — 5 > A° is identified with an A°-module morphism —>• 

i7°(Oyaig), that is, a morphism — 7 > Oyaig of algebraic vector bundles, 

which is dual to a morphism Oyaig = Oyaig —i?®''®, i.e. a section s*^'® G 
TjO^^aig^ of Write s G H^{E) for the corresponding holomorphic section. 

Similarly, write t*^'® : E^'^^ —>• F®'^® for the algebraic vector bundle morphism 
dual to the component of d : A~'^ —>■ A~^ mapping i7°((F‘^^®)*) —>■ 7J°((F®'^®)*) 
under (13.51) , and write t : E ^ E for the corresponding morphism of holomorphic 
vector bundles. Then d o d = 0 implies that t o s = 0 : Ov —S' F. 

We should also consider how this data F, F, s, t depends on the choice of 
inclusion ^ A~^. Here F,F are independent of choices up to canon¬ 

ical isomorphism, and s is independent of choices. Changing the inclusion 
M~‘^ ^ A~^ is equivalent to choosing an algebraic vector bundle morphism 
^ai® . ^ 2 ^aig ^aig identifying with the image of id©( 7 ‘^*®)* : 

H°((E^^sJ*') ^ ©iyO(A2(F‘^'®)*). Writing 7 : A^E F for the 

corresponding holomorphic morphism, this changes t to t, where 

f = t -I- 7 o (— A s). (3-6) 

Notice that t\y : E\y F|„ is independent of choices at u G H with s{v) = 0. 

Next suppose X is a derived C-scheme and a : SpecH* ^ X a Zariski 
open inclusion. Write X = to(^) for the classical C-scheme, and Xan for the 
set of C-points of X equipped with the complex analytic topology. (One can 
give Xan the structure of a complex analytic space, but we will not use this.) 
Then to(SpecH*) is the C-subscheme (s®''®)“^(0) C 1/*^'®, so a = to{cy.) is a 
Zariski open inclusion (s®''®)“^(0) ^ X. Write '(/' • s~^(0) ^an for the 
corresponding map of C-points. Then '0 is a homeomorphism with an open set 
F = lm'0 C Xan- Note that (C, F, 5 , 0 ) is a Kuranishi neighbourhood on Xan, 
in the sense of T2.5I 

As we explained in (12. 11 - (12 .21 if A* is a standard form cdga then it is easy 
to compute the cotangent complex ~ and this also can be identified 
with the cotangent complex Lspec A’ of the derived scheme Spec A*. Let v G 
s“^(0) C V with '0(u) = X G Xan- Then u is a C-point of Spec A* and a: a C- 
point of X with a{v) = x, so Lo-ln : LxU ^ Lspec A* |« is a quasi-isomorphism, 
and induces an isomorphism on cohomology. One can show that LspecA*!?, is 
represented by the complex of C-vector spaces 

-^ F|: F|: -- 0 , (3.7) 

with T* V in degree 0. Dualizing to tangent complexes and taking cohomology. 
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we get canonical isomorphisms 


(3.8) 

(3.9) 


-.KeiidsU-.nV^El) 
jji (Y I ) ■ 

^ ' Im(ds|„ : r,y ^ ill,) 


H°{TxU), 


H\TxU)- 


Now suppose that Z = Spec B is a smooth classical affine C-scheme of pure 
dimension, tv : X ^ Z is a morphism, and jd \ B ^ is a smooth morphism 
of C-algebras, such that as for (I3l])-(|321) the following homotopy commutes 


Spec A* 



SpecB 



(3.10) 


Then Zan is a complex manifold, and := Spec (3 : —>■ Z is a smooth 

morphism of C-schemes, and r := (T’^'s)an : V —>■ Zan is a holomorphic sub¬ 
mersion of complex manifolds. We can form the relative cotangent complexes 
Lx/ZiLgpecA*/z and dual relative tangent complexes Tx/z,TspecA'/Z; and 
P-lOp gives morphisms Lq, : Lx/z LspecA*/Zi TTa ■ TspecA*/z Tx/z- 
Write TiyjZ^-a) = Ker(dT : TV —> r*(TZan)) for the relative tangent bundle 
of y/Zan- It is a holomorphic vector subbundle of TV of rank diml^ — dimZ, 
as r is a holomorphic submersion. Let v G s“^(0) C V with 4’{t) = x € Xan 
and t{v) = Tr{x) = z € Zan. Then as in (13.711 . LspecA'/zk is represented by 
the complex of C-vector spaces 

-- F|: E\l T^iVlZ,^) -- 0, 


with T*{V/Zan) in degree 0. As for (I3.8I) - (I3.9I) we get canonical isomorphisms 


H°{Tc.\v) : Ker(ds|n : T^iyjZ^^) ^ E],) 

tt1(Y If. Ker(t|n : E\y —>■ F\y'j 
^ Im(ds|„ : rn(y/Zan) ^ A|n) 


H°{Tx/zU), 

i?'(Tx/zU). 


(3.11) 

(3.12) 


Example 3.3. Suppose {A*,uja’) is in —2-Darboux form, in the sense of Def¬ 
inition [521 with coordinates Xi,..., Xm, yi, ■ ■ ■ ,yn, zi,..., Zm, and 2-form uja' 
in dun, depending on invertible functions qi,... ,qn G A°. 

Let V, E, F, s,t be as in Definition 13.21 Then D is a smooth C-scheme of 
dimension m, with etale coordinates {xi ,..., x^), so that TV is a trivial vector 
bundle with basis of sections > ■ • ■ > gf” • Also A is a trivial vector bundle of 
rank n, with basis ei := ..., := and F is trivial of rank m, with 

basis ^,..., . Using the first line of oja’ in (EH), it is natural to identify 

F = T*V by identifying ^ = dgR^i for i = 1,..., m. 

The natural section s G H°{E) is s = siei H-h s„e„. Write e^,..., e" for 

the basis of sections of E* dual to ei,..., e„, so that = ddnyj. Motivated 
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by the second line of uja’ in m, define Q = qie^ (8 + • • • + g„e" (g) e" in 

H^{S^E*). Then Q is a natural nondegenerate quadratic form on the fibres of 
i?, and (1^ implies that (3(s, s) = 0. 

Identifying F = T*V, from (|2.3I) we see that t : E ^ F is given by 

+ Sj ||^)ddRa;j = 2qj ddRS^ + Sj ddR^j, (3.13) 

1=1 ‘ * 

for j = 1,..., n. Then tos = 0 follows from applying ddR to Q{s, s) = 0. 

What will matter later is that we have a complex manifold V, a holomorphic 
vector bundle E ^ V, a, section s € H^{E), and a nondegenerate holomorphic 
quadratic form Q € H^{S'^E*) with Q{s, s) = 0, such that the classical complex 
analytic topological space (Spec7J°(A*))an is s~^(0) C V. 

Next we interpret quasi-free morphisms of standard form cdgas ^jk ■ 

Aj, as in Theorem 13. ir aVijl. in terms of complex geometry. 

Definition 3.4. Let ^jk ■ A^ — >■ Ay be a quasi-free morphism of standard 
form cdgas over C, as in 112.11 Let K/) Ej, Fj, sj, tj be 

as in Definition 13.21 for Ay, and E^^, ■ ■ ■ Ak for Ay^. 

Then cjAjfr ■= Spec$j^ : = Spec Aj = SpecA^^ is a C-scheme 

morphism. Write (j)jK '■ Vj Vk for the corresponding holomorphic map. The 
quasi-free condition on ^jk implies that d(^j|- : {4 '^)^)*> T*Vj^^ is 
injective, so d4>jK '■ 4jKi'E*^K) —t T*Vj is injective, that is, 4jk ■ Vj ^ Vk is 
a submersion of complex manifolds. 

Now : A~^^ Ay^ induces an Aj-linear map {^jk)* ■ ®a%. 

Ay -A- ^7^, which under (|3.5I1 corresponds to an algebraic vector bundle mor¬ 
phism {4%Y{{Epr) ^ )*• Write x% ■■ E^^ ^ {4>%)YEp) for the 

dual morphism, and xjk '■ Ej —>■ ((Ajk^Ek) for the corresponding morphism 
of holomorphic vector bundles. It is surjective, as ^jk is quasi-free. Then 
° ^JK — ^JK ° d implies that 

Xjk{sj) = 4>*jkYk) S H°{(j)*jKiEK))- (3-14) 

By (13.41) we have a natural composition of morphisms 

H°{{Fyy^)Y=M]^^^A]Y/Alo^A-^^^'"-^‘Af/AloAf^Mf^HY{FfY*)- 

The induced Aj-linear map corresponds to a natural algebraic vector bundle 
morphism i4%)*iiEp)*) ^ Write Cjfc ■ i4%)*iPp) for 

the dual morphism, and ^jk ■ Fj -A 4 *jk{Ek) for the corresponding morphism 
of holomorphic vector bundles. It is surjective, as ^jk is quasi-free. 

These Cj|- ) ^JK are independent of choices, as they depend on the canonical 
isomorphism M~‘^ = A~‘^jA^^aA~^ rather than on the non-canonical inclu¬ 
sion M~^ ^ A~^ in Definition 13.21 However, $ 7 ^ need not map C 

A]Y to Mj'^ C Ay"^, and so under the isomorphisms (|3.5I1 need not map 
H^{{Fp)*) -> H°{{Ff^)*). Write <5^® : A^Ef^ {4 %)*{Fk^) for the 
algebraic vector bundle morphism dual to the component of 4>7 r' mapping 


24 


and 5jk ■ A^Ej ^ (I)*jk{Fk) for the corre¬ 
sponding morphism of vector bundles. Then do$j^ = <l)J^od implies that 

£,jk otj + SjK o (- A sj) = (t>*jK{tK) o xjk ■ Ej —)• 4>*ji^{Fk)- (3.15) 

Thus Xjk, ^jk do not strictly commute with tj,tK, which is not surprising, 
since tj, tx depend on arbitrary choices as in (13.61) . But notice that ^jK\vOtj\v = 
tK\,/,jK{v) ° Xjk\v at V GVj with sj{v) = 0. 

Next suppose we are given Zariski open inclusions aj : Spec A'j -A X, 
otK '■ SpecA^ ^ X into a derived C-scheme X, such that (13.31) homotopy 
commutes, and let ipj : s7^(0) ^ Xan, '■ ^ Xan be as in Definition 

13.21 As the classical truncation of (13.31) commutes, we see that 

4>J = i’K O 4>Jk\s-^(q) '■ Sj^(O) -1 Xan- (3.16) 

Suppose vj G s7^(0) C Vj with (j)jK(vj) = vk & s)(-^(0) C Vk and 
'i’jivj) = ipKivK) = X € Xan- As (13.31) homotopy commutes, the corresponding 
morphisms of tangent complexes Tspecyi*,TspecA 5 j.,Tx commute up to homo¬ 
topy, so restricting to vj,vk,x and taking homology gives strictly commuting 
diagrams. Thus using dm-dSH), we see that the following diagrams commute: 



(3.17) 


(3.18) 


Now suppose that Z = Spec B is a smooth classical affine C-scheme of pure 
dimension, tt : X —>■ Z is a morphism, and fij : B ^ Aj, /3x : B —>■ are 
smooth morphisms of C-algebras, such that (13.21) homotopy commutes for J, X, 
and f3j = ^jk o Pk- As in Definition 13.21 we have holomorphic submersions 
Tj ■ Vj ^ Zan, Tk ■ Vk ^ ^an, with Tj = Tk O (j)jK : Vj ^an aS /3j = 
$./if o Pk- Let Vj G s7^(0) C Vj with (j}jK{vj) = Vk & Sx^(O) C Vk, and 
^j[vj) = iI)k{vk) = X £ Xan, and tj{vj) = tk{vk) = tt{x) = z £ ^an- Then 
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using (I3.11I) - (I3.12[) . we see that the following diagrams commute: 


Ker^dsjj^j :T'^j(Vj/^an) _ _Ff° (Tc,,lu ,) 

Ker(ds/f /Za„) ^Ek\v^) ^ ^ {Tx/zU) , 


(3.19) 



(3.20) 


Applying Definitions 13.21 and 13.41 to the conclusions of Theorem 13.II yields: 

Corollary 3.5. In the situation of Theorem 13.11 write X^n for the set of C- 
points of X = to(Ai), regarded as a topological space with the complex analytic 
topology. Then we obtain the following data in complex geometry: 

(i) For all finite subsets 9 ^ J I, a complex manifold Vj, a holomorphic 

submersion tj : Vj ^ Zan, holomorphic vector bundles Ej,Fj —>■ Vj, a 
holomorphic section sj : Vj ^ Ej, and a homeomorphism ifj : Sj^(O) —>■ 
Rj Q Xs.n, where Rj C Xan is open, with n oijjj = : s7^(0) 

Zan- These image subsets satisfy Rj = 

By making an additional arbitrary choice we also obtain a morphism of 
holomorphic vector bundles tj : Ej — >■ Fj, with tj o sj = 0. Different 
choices tj,tj are related by (|3.6|1 . The restrictions tj\yj : Ej\yj Fj\yj 
for vj £ sJ^(O) are independent of choices. For each vj € sJ^(O) with 
f’ji.vj) = X € Xan, there are canonical isomorphisms (I3.8p - (j3.9p writing 
H^(Tx\x) for f = 0,1 and (I3.11l) - (|3.12p writing H^(Tx/z\x) for f = 0,1 
in terms of Vj, Ej, Fj, sj,tj,Tj at vj. 

(ii) For all inclusions of finite subsets a holomorphic sub¬ 

mersion 4>jk '■ Vj Vk , and surjective morphisms of holomorphic vector 
bundles xjk ■ Ej —>■ (I>jx{Ek) and ^jk ■ Fj —)• (jjxiRK)- These sat¬ 
isfy Tj = tk o 4>jk : Vj Zan , and xjk{sj) = f>*jKisK), and ifj = 
i’K O Is-i(o) : sf^{0) Xa„. 

If tj,tK are possible choices in (i) then XJK,£,jK,tj,tK are related as in 
(13.151) . If vj £ Sj^(O) with 4 >jk{vj) = vk & s)(.^(0), this implies that 

f,JK\vj ij\vj — tx \ vK ^ XJk\vj ■ Ej\yj y Fx \vj ^. 

If vj £ s7^(0) c Vj wit h •pjx j vj) = vx £ Sk^(O) C Vx and ifj{vj) = 
f’xivx) = X € Xan, then (j3.17ll - (I3.20p commute. 

If ^^LCKCJCI then (jjL = (jxL o cjjx, Xjl = (t>*jxiXKL) o Xjk, 
and f,jL = f’jxi^Kh) o£,jx- 
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3.3 Subbundles E O E and Kuranishi neighbourhoods 

Throughout ij3.3hij3.6l when we apply Theorem 13.11 we take B = C, so that Z 
is the point * = SpecC, and the data tt, Pi, I3 j,tj is trivial, so we omit it. 

Suppose {X,ujx) is a — 2-shifted symplectic derived C-scheme, A* a standard 
form cdga over C, and a : Spec A* —)■ X a Zariski open inclusion. Then Defini¬ 
tion [3^ defines complex geometric data V, E, F, s, t, ij;, R, such that {V, E, s, ip) 
is a Kuranishi neighbourhood on the topological space X^n of X. 

However these are not the Kuranishi neighbourhoods we want: they depend 
only on X, not on and in general two such neighbourhoods (Vj, Ej, sj, tpj) 
and {Vk,Ek, sk, iPk) are not compatible over their intersection RjHRk in Xan 
(e.g. the virtual dimensions dims Vj — rankji Ej and dimR Vk — rankg Ek may 
be different), so we cannot glue them to make Xan into a derived manifold. 

The basic problem is that the rank of E may be too large - for instance, 
we can modify A* to replace E, F, s,t hy E = E (B G, F = F (B G, s = s © 0, 
i = t®idG for some holomorphic vector bundle G —>■ K. Our solution is to choose 
a real vector subbundle E~ C E satisfying some conditions involving and 
set E~^ = E/E~ to be the quotient bundle and s+ = s + E~ in G°“(X+) to 
be the quotient section. The conditions on E~ imply that s“^(0) = (s+)“^(0), 
so {V, E'^, s~^ is also a Kuranishi neighbourhood on Xan. Under good 
conditions we can make two such (Vj, Uj", Sj, V'j )? {^KjE'^, s~^, ip^) compatible 
over RjCiRk, and glue these local models to make Xan into a derived manifold. 

We dehne the class of subbundles E~ C E we are interested in: 

Definition 3.6. Let (X, oj’^) be a —2-shifted symplectic derived C-scheme with 
vdimc X = n, and suppose A* £ cdga^ is of standard form and cx ■. A* ^ X 
is a Zariski open inclusion. Define complex geometric data V, E, F, s,t and 
Ip : s“^(0) R C Xan as in Definition 13.21 and suppose i? ^ 0. Then for each 
V £ s“^(0) with ^^{v) = X € Xan, equation (I3.9|l gives an isomorphism from a 
vector space depending on V,E,F,s,t at v to E[^{Tx\x)- 

Equation (12.61) defined a quadratic form on H^(Tx\x)- Define 


Q, 


Ker(^t|„ : E\y —> E|„) Ker(^t|n : E\y —>■ X|n) 
Im(ds|n : TyV -)• E\y) Im(ds|„ : TyV -)• E\y) 


C 


(3.21) 


to be the nondegenerate complex quadratic form identified with in (12.61) by 
the isomorphism E[^{Ta\y) in (13.91) . 

Consider pairs {U,E~), where U C V is open and E~ is a real vector sub¬ 
bundle of E\u- Given such {U,E~), we write = E\u/E~ for the quotient 
vector bundle over U, and £ G°°(£’+) for the image of s|c/ under the pro¬ 
jection E\u —>■ U+, and ip^ := '!/'|s-i(o)nf 7 ^ ^“^(O) fl C/ —>■ Xan. We say that 
(U,E~) satisfies condition (=i=) if: 

(*) For each v £ s“^(0) fl U, we have 

Im(ds|„ : TyV -5> E\y) r\E~\y = {0} 

t\y{E~\y) = t\y[E\y) 


in E\y, 
in F\y, 


(3.22) 

(3.23) 
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and the natural real linear map 


T\v ■. E \y nKer(t|„ : E\y 


X _^ Ker(t|„ : E\y f |„) 

^ Im(ds|, : nV ^ E\,) ’ 


(3.24) 


which is injective by (13.221) . has image Imll^ a real vector subspace of 
dimension exactly half the real dimension of Ker(t|i,)/Im(ds|„), and the 
real quadratic form ReQ„ on Ker(t|„)/Im(ds|„) from (13.211) restricts to a 
negative definite real quadratic form on Im n„. 

We say (U,E~) satisfies condition (f) if: 

(t) {U,E~) satisfies condition (*) and s“^(0) (111 = (s+)“^(0) C U. 

Then {U, E~^, s+, '0''’) is a Kuranishi neighbourhood on Xan. 

Observe that if u S s“^(0) D U with 0(u) = x £ Xan then using (I3.8l) - (l3.9p 
and (I3.22I) - (I3.24I) we find there is an exact sequence 


0^77«(TxU) ^T„C7^i;+|„^i/i(TxU)/Inin„^0. (3.25) 


Hence 


dimR U - rankR E'^ = dimR H°(Tx\x)- dimR H^(Tx\x)+ dimR Im n.„ 

= 2dimci?°(TxU) -dimci?\TxU) (3.26) 

= dimcif°(Tx|x) -dime i?^(Tx|x) + dime H‘^{Tx\x)= vdime X = n. 

Here in the second step we use dimRH^ = ^ dimRi7^(TxU) by (*) and (13.91) . 
in the third that i(I°(TxU) — H‘^{Tx\x)* as is —2-shifted symplectic 

(or —2-shifted presymplectic will do), and in the fourth that Tx is perfect in 
the interval [0,2] as {X,uj*x) is —2-shifted symplectic (or presymplectic). 

Equation (|3.26p says that the Kuranishi neighbourhood ([/, s+, 0+) has 

real virtual dimension dimf/ — ranki?+ = n = vdime X = ^ vdimRX. Note 
that this is half the virtual dimension we might have expected, and the real 
virtual dimension can be odd, even though X, V, E, s,... are all complex. 

Here are some important properties of such U, E~, E~^, s’*', proved in m 

Theorem 3.7. In the situation of Definition 13.61 with X,uJx,A*,a,V,E,F,s, 
t, 0 fixed, we have: 

(a) If the conditions in (*) hold at some v £ s“^(0) D U, then they also hold 
for all v' in an open neighbourhood of v in s“^(0) D U. 

(b) Suppose C C V is closed, and {U,E ) satisfies condition (*) with C C 
U CV. (We allow C = U = %.) Then there exists {U,E~) satisfying (*) 
with C U s“^(0) U Q V, and an open neighbourhood U' of C in U (lU 
such that E~\iji = E~\ijf. 
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(c) If {U,E~) satisfies (*), the closed subsets s“^(0) fl and (s“'')“^(0) in 
U CV coincide in an open neighbourhood U' of s“^(0) DU in U. Hence 
{U',E~\iji) satisfies condition (f), and {U', E'^\ui, s'^\u'is a Kuran- 
ishi neighbourhood on X^n- Thus, we can make (U,E~) satisfying (*) also 
satisfy (f) by shrinking U, without changing R = Imip in Xan- 

The next example proves Theorem I3.7r cl near v S s~^(0) fl C/ in a special 
case, when {A*,uia’) is in —2-Darboux form and minimal at v. The general 
case in iiS.dl is proved by reducing to Example 13.81 

Example 3.8. Suppose {X,oJx) is a —2-shifted symplectic derived C-scheme, 
and X € ^an- Then Theorem 12.101 gives a pair (A*,u>a’) in —2-Darboux form 
and a Zariski open inclusion cx : Spec A* X which is minimal at a; G Imct, 
with Q:*(w3f) —^A’ in ./lp'^*(Spec A*, —2). 

Example 13.31 describes the data V,E,F,s,t associated to A* in tl3.21 and 
defines a nondegenerate quadratic form Q G H°{S‘^E*) with Q{s,s) = 0 using 
uja'- As X G Ima there is u G s“^(0) C V with a{v) = x, and (A*, a) minimal 
at X means that ds|t, = 0, so that = 0 by (13.131) . Thus in (13.91) we have 
Ker(t|„)/Im(ds|«) = E\y, identified with H^{Tx\x)- Since ~ oja’, the 

quadratic form Qy on Ker(t|„)/Im(ds|«) = E\y in (13.211) is Q\v. 

Given a pair {U, E~) as in Definition 13.61 with v € U, the map n„ in (13.241) 
is just the inclusion E~\y ^ E\y. So (*) at v says that E~\y is a real vector 
subspace of E\y with dimRE“|^ = idirngEl^ = dimcE|„, such that ReQji, is 
negative definite on E~\y. 

As this is an open condition, there exists an open neighbourhood U' of v 
in U such that ReQjj/' is negative definite on E~\ij'. Define a real vector 
subbundle E'^ of E\ij' to be the orthogonal subbundle of E~\u' w.r.t. the non¬ 
degenerate real quadratic form ReQI;/'. Then E\u' = E^ 0 E~\u', so we can 
write sic/' = © s“, for s+ G C°°{E^) and s~ G C°°{E~\u'). The projection 

E\u' ^E+\u' =E\u'/E-\ u' restricts to an isomorphism E^ -A E~^\jj', which 
maps s^ I—>• s+|c/'. 

Because Re Q is the real part of a complex form, it has the same number of 
positive as negative eigenvalues. Thus ReQjc/' is positive definite on E+. Now 

0 = Re(5(s,s)|c/' =Re(5(s'''0s“,s'''0s“)=Re(5(s''',s^)0Re(5(s“,s“), (3.27) 

using Re(5(s+,s“) = 0 as E^,E~\ij' are orthogonal w.r.t. ReQjc/'. 

For each u G U', we now have 

s^(u)=0 4=^ s^(it)=0 4=^ Re(5(s^,s''')|u = 0 4=^ 

Re(5(s“,s“)|u=0 4=> s+(u) = s“(u) =0 4=> s(u) = 0, 

using £1+ -A E'^lij' an isomorphism mapping s^ i—>■ s+|c/' in the first step, ReQ 
positive definite on £+ in the second, (13.271) in the third. Re Q negative definite 
on E~\u' in the fourth, and s|c/' = s^ © s“ in the fifth. 

This proves there exists an open neighbourhood U' of u in 17 such that 
s“^(0) CMJ' = (s+)“^(0) (7 U', which is Theorem 13.71 ^. except that U' is a 
neighbourhood of v rather than of s“^(0) (~l U. 
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Remark 3.9. Pairs {U,E~) satisfying (f) will be used to prove our main re¬ 
sult, constructing a derived manifold structure Xdm on the complex analytic 
topological space Xan of a —2-shifted symplectic derived C-scheme 

Our construction apparently uses less than the full —2-shifted symplectic 
structure on X. In particular, conditions (*),(t) only involve the non¬ 
degenerate pairings uPx\x on H^(Tx\x) in (1^ . which depend only on the 
presymplectic structure Wjf, not the symplectic structure ujx = 

The proofs of Theorem l3.7l al.fb') in il5.11 - ^15.21 also use only rather than 
However, the proof of Theorem I3.7l cl in )15.3I involves as it uses the 
existence of a minimal —2-Darboux form presentation for {X,uJx) near each 
X G Xam as in Theorem l2.10l The authors do not know whether Theorem l3.7f cl 
holds for —2-shifted presymplectic (X,ujx) which are not symplectic. 

3.4 Comparing (Uj, Fj), (Uk, under ^jk 

Section 13.31 discussed how to use standard form charts a : Spec A* —>■ X 
on (X,ujx) to choose pairs {U,E~), and so define Kuranishi neighbourhoods 
(17, 77+, s+, '0+) on Xan- We now explain how to pull back such pairs (t/x, E^) 
along a quasi-free morphism : A*x —>■ A*, and construct coordinate changes 

between the Kuranishi neighbourhoods (t/j, i7j , Sj, V'j )) {Uk^ E^, V'x)- 

Definition 3.10. Let {X,ujx) be a —2-shifted symplectic derived C-scheme 
with vdimc X = n, and suppose : A^ -G Aj is a quasi-free morphism of 
standard form cdgas over C and aj : Spec 4* ^ X, cxk '■ SpecH^j- ^ X are 
Zariski open inclusions such that (13.311 homotopy commutes. Define complex ge¬ 
ometric data Vj,Ej,Fj,sjAj,'>Pj,Rj,Vk,Ek,Ek,skAk,'>Pk,Rk,4>jk,XJK, 
^jK in Definitions 13.21 and suppose Rj ^ 0, so Rk ^ % ns Rj G Rx C Xan- 
Consider pairs {Uj,EJ) for 4} and {Uk,Ex) for A*x satisfying condition 
(*) in Definition 13.61 We say that {Uj,EJ) and {Uk,Ex) are compatible if 
4>JKiUj) C Uk and Xjk\uj{EJ) C (I)jk\uj{E]^) C (i7x)- 

For (Uj, EJ), {Uk, E~^) compatible, define a vector bundle morphism x^k • 
ifj —>■ 4’Jk\ijj{E'^) on Uj by the commutative diagram with exact rows 

0- ^EJ - ^Ej\u, - ^Ej --0 

jXJKlg- ^XJkIuj yXjK 

0 - ^(I}Jk\uj{Ek) - ^ (j)JK\hjiEK) ^ (j^JKlujiEx) —^ 0 . 

Let vj e s7^(0) G Uj C Vj with (j)jK{vj) = vk G Sx^(O) C Uk G Vk 
and ipjivj) = 4 ’k{vk) = x G Xan. Consider the diagram, with rows (13.251) for 
{Uj,Ej),vj and {Uk,E~),vk 

0 ^ RO (Tx U) ^ t/j F;+^ (Tx U) / Im ^ 0 

idj dcPjKlvj^ d +1 ^ jxdKhj jid (3.28) 

(Tx u) Uk E+\x^^ (TxU) / Im H,^ ^ 0 . 
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Here if we regard ImH^^, Imfrom (13.241) as subspaces of H^{Tx\x) using 
(EH), compatibility Xjk{Ej\vj) C and (13.181) imply that ImH^^ C 

Imn.u^, so Imn„j = Imn.u^ as they have the same dimension by (*), and the 
right hand column of (13.281) makes sense. From (13.141) . (13.171) and (13.181) we see 
that (13.281) commutes. Elementary linear algebra then gives an exact sequence 


0 


Tvj Uj 


"J 






E~^\vk 


0. (3-29) 


From (13.291) and Definition l2.141 we deduce: 

Corollary 3.11. In the situation of Definition \3. 10[ if {Uj,E'J) and {UK,Ef^) 
are compatible and satisfy (f) then in the sense of il2.5l 

{Uj,(l)jK\uj,xjK) ■ iUj,Ej,sj,tljj) — 5 - {UK,E^,s'^,tljK) 

is a coordinate change of Kuranishi neighbourhoods on ■ 

Lemma 3.12. In the situation of Definition IXTUl fix {UK,Ef^) satisfying (*) 
for A]^,a.K- Set ^ K/- Then := XJK\fj}^{Ef^) is a 

vector subbundle of as xjk is surjective. Choose a complementary 

real vector subbundle so that Ej\u>^^ = Ejj^ © E'jj^. 

Choose a connection V on Ej, so that Vsj : TVj Ej is a vector bundle 
morphism. Now KeiidcfjK ■ TVj 4‘*jKiTVK)) is a vector subbundle of TVj, 
as d(j>jK is surjective, and Vsj is injective on Kerdcf jk near Sj^(O), so := 
(Vsj)[Ker d(?!)jif] is a vector subbundle of Ej near sj^{0) in Vj. 

Then {Uj,EJ) satisfies (*) for A*j,a.j and is compatible with {UK,E~ff) if 
and only if Uj is open in and EJj^ is a vector subbundle of E'jj^\uj 

satisfying Ej\uj = EJj^ © E'jj^\uj © E'jj^\uj near sJ^(O) D Uj in Uj. Alter¬ 
natively, identifying Efj^ with Ej\in /E'fj^, this condition may he written as 
Ti'jxluj = Ej^ © [(Ej^ © \uj near Sj^(O) D Uj. 

Proof. We deduce Vsj is injective on Keidcj jk at vj S Sj^(O) using (13.171) . 
check that (*) for Uj,Ej is equivalent to Ej = Ef^ © at each 

vj S Sj^(O), and note that both are open conditions. □ 

Lemma [3.121 shows we can always pullback {UK,Ef^) satisfying (*) along 
submersions cfjK ■ Vj Vk- we just have to choose a complement Ef to 
(TijK ® E'jj^) / E'f in E'jj^ on some small open neighbourhood Uj of s7^(0) in 
for instance, the orthogonal complement w.r.t. any metric on Efj^. By 
Theorem EH c), making Uj smaller, we can suppose {Uj,Ej ) satisfies (f). 


3.5 Constructing Kuranishi atlases and derived manifolds 

Let {X,ujx) be a —2-shifted symplectic derived C-scheme with vdimc X = n 
in Z, and write Xan for the complex analytic topological space. Suppose X 
is separated and Xan is a paracompact topological space. (Paracompactness is 
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automatic if X is proper, or quasicompact, or of finite type, or Xan is second 
countable.) We will construct a Kuranishi atlas on X^n, in the sense of 112.51 

First choose a family {(A*,ai) : i G l}, where A* G cdga^. is a standard 
form cdga, and : Spec A* ^ X a Zariski open inclusion in dSchc for each 
i in /, an indexing set, such that {i?i := (ImQ:i)an ■ i G l} is an open cover of 
the complex analytic topological space X^n- This is possible by Theorem 12.51 
If X is quasicompact (since X is locally of finite type, this is equivalent to X 
being of finite type) then we can take I to be finite. 

Apply Theorem 13.II to get data Aj G cdgaj-, aj : Spec A’^ X for finite 
% ^ J G I and quasi-free ^jk '■ A^ -G A*, for all finite % ^ K G J G I. 

Use the notation of 113.2l to rewrite A* , ^jk in terms of complex geometry. As 
in Corollarv l3.51 this gives data Vj,Ej,Fj, sj, tj, ipj, Rj for all finite % ^ J G I, 
and (j)jK, Xjk, ^jk for all finite ^ ^ K G J G I. 

For brevity we write A={J: 07 ^JC/, Jis finite}. The proof of the next 
result in tlb.ll is based on McDuff and Wehrheim Lem. 7.1.7]. 

Proposition 3.13. Suppose Z is a paracompact, Hausdorjf topological space 
and {Ri : i G 1} an open cover of Z. Then we can choose closed subsets 
Cj G Z for all finite % J G I^ satisfying: 

(i) Cj G Ri for all J. 

(ii) Each z G Z has an open neighbourhood Uz G Z with UzG\Cj 7 ^ 0 for only 
finitely many J. 

(iii) Cj n Ck 7 ^ 0 only if J G K or K G J. 

U 0 J C / finite 

In our case, Aan is Hausdorff and second countable. It is also locally compact, 
as it is locally homeomorphic to closed subsets Sj^(O) of complex manifolds 
Vj. But Hausdorff, locally compact and second countable imply that X is 
paracompact and normal. Thus Proposition 13. 1 3l applies to Z — Aan with the 
open cover {Ri : i G I}, and we can choose closed subsets Cj G Rj = Higj Ri C 
Aan for all J S A satisfying conditions (i)-(iv). 

The next proposition, proved in il6.2l using Theorem 13.71 and Lemma 13.121 
chooses pairs {Uj,Ef ) satisfying (f), as in ^3.31 with {Uj,Ef ), {Uk,E]^) com¬ 
patible near Cj fl Ck under the quasi-free morphism ^jk '■ A^ -G- Aj. 

Proposition 3.14. In the situation above, we can choose (Uj,Ef) satisfying 
condition (j) for Vj,Ej,... for each J G A, such that fjf^{Cj) GUjG Vj, 
and setting Sj = fjj{sf^[t))r\Uj) so that Sj is an open neighbourhood of Cj in 
Aan, then for all J,K G A, we have Sj fl Sk 7 ^ 0 only if J G K or K G J, and 
if K G J then there exists open Ujk Q Uj with s7^(0) fl Ujk = H Sk) 

such that (UjkjEJIijjk) is compatible with {UK,Ef{), in the sense of 113.41 

We can now prove two of the central results of this paper. 
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Theorem 3.15. Let {X,ujx) ® —2-shifted symplectic derived <C-scheme with 
complex virtual dimension vdimc X = n in h, and write Xan for the set of C- 
points of X = to{X) with the complex analytic topology. Suppose that X is 
separated, and X^n is a paracompact topological space. Then we can construct 
a Kuranishi atlas 1C on Xan of real dimension n, in the sense of ij2.5l If X is 
quasicompact (equivalently, of finite type) then we can take K, to be finite. 

Proof. In the discussion from the beginning of >i3.5l uD to Proposition 13.141 we 
have constructed the following data: 

(i) A Hausdorff, paracompact topological space Aan- 

(ii) An indexing set I, where we write A = {J:0^JC/, Jis finite}. 

(hi) An open cover {Sj : J G A} of Xan, such that Sj fl Sk 0 for J, AT G A 
only ii J C K 01 K C J. 

(iv) For each J £ A, a. Kuranishi neighbourhood {Uj, Aj",Sj, 'if'j) on Aan with 
dimUj — rankAj = n, constructed as in il3.3l from {Uj,Ej) satisfying 
(t), with ImV'j = Sj C Xan- 

(v) For all J,K £ A with K C. J, a coordinate change of Kuranishi neigh¬ 
bourhoods over Sj fl Sk, as in Corollary 13.Ill 

(UjK, 4 >jk\ujk ,X^k) ■ V’j) ^ {Uk,E^,.s'\^,'iP~^), 

since {UjK,Ef\ujK) is compatible with {UK,Ef.). 

(vi) For all J,K,L £ A with L C K C J, Corollary 13.51 implies that 4>jl = 
((kl o (j)jK and XjL = (xii) o X^k on Ujk C Ujl C (ffiKiUKL)- 

All this data is a Kuranishi atlas 1C in the sense of Definition 12.151 where 
the partial order ^ on A is J -< X if X C J. If X is quasicompact then we can 
take / finite, so A and 1C are finite. □ 

Combining Theorems 12.181 and 13.151 yields: 

Theorem 3.16. Let (X , be a —2-shifted symplectic derived <C-scheme with 
complex virtual dimension vdimc X = n in h, and write Xan for the set of C- 
points of X = to{X) with the complex analytic topology. Suppose that X is 
separated, so that Xan is Hausdorff, and also that Xan is a second countable 
topological space, which holds if and only if X admits a Zariski open cover 
{Xc : c G C} with C countable and each Xc a finite type C-scheme. 

Then we can make the topological space Xan into a derived manifold Xdm 
with real virtual dimension vdimRXdm = n, in any of the senses (a) Joyce’s m- 
Kuranishi spaces mKur §4.7], (b) Joyce’s d-manifolds dMan [T81120) . (c) 
Borisov-Noel’s derived manifolds DerMansoNo OIZ], or (d) Spivak’s derived 
manifolds DerManspi |31j . all discussed in tl2.6l 

We will discuss the dependence of Xdm on choices made in the construc¬ 
tions in tl3.6l Note that Xdm in Theorem 13.161 has dimension vdimRXdm = 
vdimc X = i vdimR X, which is exactly half what we might have expected. 
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3.6 Orientations, bordism classes, and virtual classes 

Work in the situation of Theorems 13.151 and 13.161 so that we have a — 2-shifted 
symplectic derived C-scheme with complex analytic topological space 

Jfan, a Kuranishi atlas K on Xan, and a derived manifold Xdm- The next 
proposition, proved in il6.3l justifies our notions of orientation in il2.41 - il2.6l 

Proposition 3.17. In the situation of Theorems 13.151 and 13.161 there are 
canonical 1-1 correspondences between: 

(a) Orientations on in the sense of il2.41 

(b) Orientations on (Xan,^) in the sense of tl2.5l and 

(c) Orientations on Xdm in the sense of 112.6.21 

Next we consider how the derived manifold X^m in Theorem 13.161 depends 
on choices made in the construction. Once we have chosen the Kuranishi atlas 
1C in Theorem 13.151 Theorem 12.181 shows that Xdm is determined uniquely up 
to equivalence in its 2- or oo-category. However, constructing /C involves many 
arbitrary choices, and the next proposition, proved in Nh.dl using the material of 
113.71 explains how Xdm depends on these. 

Proposition 3.18. In the situation of Theorem VS. 16[ for (X,a;^),n fixed, the 
derived manifold Xdm depends on choices made in the construction only up to 
bordisms of derived manifolds which fix the underlying topological space Xan. 

That is, if Xdm,Xdm are possible derived manifolds in Theoremthen 
we can construct a derived manifold with boundary Wdm with topological space 
Xan X [0,1] and vdimVPdm = n -I- 1, and an equivalence of derived manifolds 
dWdm — Xdm n Xdm? topologically identifying Xdm with Xan x {0} and X^,^ 
with Xan X {1}. We regard Wdm as a bordism from Xdm lo X'^^. 

This bordism W dm is compatible with orientations in Proposition 13.171 That 
is, given an orientation on (X,a;^), we get natural orientations on Xdm, 

Wdm, and an equivalence of oriented derived manifolds dWdm — —XdmllXdm, 
where —Xdm is Xdm with the opposite orientation. 

Combining this with material in 112.6.41 - 112.6.51 yields: 

Corollary 3.19. Suppose (X,a;^) is a proper —2-shifted symplectic derived C- 
scheme, with vdimc X = n, and with an orientation in the sense of 112.41 Then 
Theorem 13.161 constructs a compact derived manifold Xdm with vdirnRXdm = 
n, and Provosition 13.171 defines an orientation on Xdm- 

Although Xdm depends on arbitrary choices, the d-bordism class [Xdm]dbo 
in Bn{*) from 112.6.41 and the virtual class [Xdm]virt in i7n(Xan;Z) from 112.6.51 
are independent of these, and depend only on (X,a;^) and its orientation. 

3.7 Working relative to a smooth base C-scheme Z 

Let Z = Spec H be a smooth classical affine C-scheme, which we now assume 
is connected. Then the set Zan of C-points of is a complex manifold, and 
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hence a real manifold. In this section we will show that all of N3.1l - il3.6l also 
works relatively over the base Z. To do this, we will need a notion of a family 
(tt : X —>• Z, ujxjz) of —2-shifted symplectic derived C-schemes over the base Z. 

To understand the next definition, recall from Remark 13.91 that if (X,w^) 
is —2-shifted symplectic, then the derived manifold Jtdm constructed in il3.5l 
does not depend on the whole sequence u}*x = • ■ •); but only on the 

nondegenerate pairings tOxlx on H^{Tx\x) for x G X^n, and therefore only on 
the cohomology class S i?“^(Lx). We require that choices of ... 

should exist (they are needed to apply Theorem l2.101 which is used in the proof 
of Theorem 13.7f cll. but Xdm does not depend on them. 

Definition 3.20. Let X be a derived C-scheme, Z = SpecB a smooth, con¬ 
nected, classical affine C-scheme, and tt : X —>■ Z a morphism. A family of 
—2-shifted symplectic structures on X jZ is [ujx/z] & /z), such that for 

each z G Zan, writing X^ = 7r~^(z) = X x((. ^ ^ * for the fibre of tt over z and 
[wx/z]|x* G for the restriction of [ojx/z] to X^, then there should 

exist a —2-shifted symplectic structure Wx* = (ujx^,^x ^,...) on X* such that 
[wx/z]|x* = [^x^] in H~'^{hx‘)- 

That is, a family of —2-shifted symplectic structures on X/Z is a —2-shifted 
relative 2-form [wx/z] on X/Z, which on each fibre X^ extends to a closed 
2-form which is —2-shifted symplectic. We will explain how to extend the argu¬ 
ments of Il3.3l - il3.6l to the relative case. Here is the analogue of Definition 13.61 

Definition 3.21. Let X be a derived C-scheme, Z = Speci? a smooth, clas¬ 
sical, affine C-scheme of pure dimension, tt : X —>■ Z a morphism, and [wx /z] 
in H~‘^(hx/z) a family of —2-shifted symplectic structures on X/Z. Write 
dime Z = k and vdime X = n k. Suppose A* G edga,;;. is of standard form, 
a : A* ^ X is a Zariski open inclusion, and /3 : B A° is a smooth mor¬ 
phism of C-algebras, such that (13.101) homotopy commutes. Define complex 
geometric data V,T,E,F,s,t and if : s“^(0) R C Xan as in Definition 13.21 
and suppose R ^ Then for each v G s“^(0) with if(v) = x G Xan and 
t(v) = 7r(x) = z G Zan, equation (13.121) gives an isomorphism from a vector 
space depending on V,t, Z^,^, E, F, sA,t at v to H^(Tx/z\x)- 

As in (1^ . the relative 2-form [ujx/z] induces a pairing 

Qx ■= Wx/zU ■ • (Tx/z\x) X (Tx/z\x) —> C, (3.30) 

which is nondegenerate as under the equivalence Tx/zU — Tx^U) Qx is iden¬ 
tified with the pairing induced by a —2-shifted symplectic form on X*, as 
in Definition 13.201 Define 

~ ^ Ker(t|i, : E\y —>■ F\y^ ^ Ker(t|i, : E\y F\v) _ 

^"■lm(ds|„ : rn(l//Zan)^B|„) ''lm(ds|n : T4V/Z,n)^E\x) 

to be the nondegenerate complex quadratic form identified with Qx in (I3.30|) by 
the isomorphism iL^(Ta|„) in (13.121) . 
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Consider pairs {U,E~), where U C V is open and E~ is a real vector sub¬ 
bundle of E\u. Given such {U,E~), we write E^ = E\u/E~ for the quotient 
vector bundle over U, and € C°°{E~^) for the image of s|[/ under the pro¬ 
jection E\u —>■ i?+, and := '0|s-i(o)nf7 ■ n C/ —>■ Xan- We say that 

(U,E~) satisfies condition (=i=) if: 

(*) For each v G s~^(0) fl E, we have 


lm(ds|, : TyiyjZ^^) -G E\y) nE-\y = {0} 

in E\y, 

(3.32) 

t\v{E~\v) = t\y{E\y) 

and the natural real linear map 

in E\y, 

(3.33) 

n„ : F;-|„ n Ker(t|. : E\y -G E\y) -G 

lm(ds|„ : Ty{V/Z^y 

■F\y) 

) E\y) 

(3.34) 


which is injective by (13.321) . has image Imll^ a real vector subspace of 
dimension exactly half the real dimension of Ker(t|i,)/Im(ds|„), and the 
real quadratic form Re(5„ on Ker(t|a)/Im(ds|^) from (13.311) restricts to a 
negative definite real quadratic form on Im n„ . 

We say (U,E~) satisfies condition (f) if: 

(t) {U,E~) satisfies condition (*) and s“^(0) (111 = (s+)“^(0) C U. 

Then {U, E~^, s '^is a Kuranishi neighbourhood on Xan- 

Observe that if z) G s“^(0)n[/ with tp{v) = x G Xan then using (j3.1ip - (l3.12l) 
and (I3.32p -- (I3.34I) we find as for p.25p that there is an exact sequence 

0 ^ (TxM T;(t//Zan) -^E+\,^H^ (Tx/z U) / Im n„ ^ 0. (3.35) 

Hence as for (13.261) we have 

dimR U - dimR Zan - rankR 

= dimR7j“(Tx/zU) - dimR (Tx/zU) -(-dimRlmn^, 

= 2 dime H° (Tx/z U) - dime (Tx/z U) 

= dimcif”(Tx/zU) - dime if^(Tx/zU) -H dime i?^(Tx/z|x) 

= vdime X — dime Z = n. 

Thus the Kuranishi neighbourhood {U, E'^, s^ has virtual dimension 

dim U — ranki?''' = n -I- 2fc = i(vdimR X — dimR Zan) -I- dimR ^am 

which is the real dimension of the base Z^n, plus half the real virtual dimension 
of the fibres X^ . 

Note that essentially the only important difference between Definitions 13.61 
and l3.21l is that TyV in equations (13.211) . (13.221) . (13.241) is replaced by TyiyjZ^y) 
in equations (I3.31L (|3.32p . and (I3.34p . 
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Theorem 3.22. Theorem 13.71 holds with Definition 13.211 in place of Defini¬ 
tion 13.61 


Proof. In the proofs of Theorem l3.7l aI.fb) in ii5.1h^5.21 we replace ds|„ : TyV —>■ 
E\y by ds|„ : Ty{VfZi^y) E\y throughout, and no other changes are needed. 

For part (c), fix x G Z^n, so that Definition l3.20l gives a —2-shifted symplectic 
derived C-scheme with [a;x/z]|x^ = i^x^] in Consider 

the complex submanifolds in V and = U CiV^ in U, and write 

E^, , s^ ,P for the restrictions of E,F,s,t to V^, and E^^, s~^^ for the 

restrictions of E^, to U^. Then V^,E^,... satisfy Definition 

[m so Theorem 13.7l cl shows that (s^) ^(0) fl and (s+^) ^(0) coincide near 
(s^)“^(0) n in U^. Hence (s“^(0) fl 17) n and ((s+)“^(0)) fl t~^{z) 

coincide near (s“^(0)nl7)nr“^(2:) in U. As this holds for all z G Zan, s“^(0)nC/ 
and (s“'')“^(0) coincide near s“^(0) DU in U, and the theorem follows. □ 


When we extend ^13.41 to the relative case, in the analogue of Definition 
13.101 we also include data n : X ^ Z = Spec 5 and smooth fij : B ^ Aj, 
Pk ■ B with /3j = ^jK o (3 k and (13.2p homotopy commuting for J, K. 

We obtain an analogue of (j3.28p with rows (I3.35p rather than ()3.25p . and so as 
for (I3.29P we get an exact sequence 


0 ^ Tyj{Uj/Zs,n) 


ds+Ujm<l>JKUj Ej\yj® 


■ Ty^fUK/Zan) 


-XpK\^j®dsfU 


Et:\ 


K\'VK 


■ 0 . 


But by taking the direct sum of this with id : TzZ^^ —^ TzZ^y^ in the second 
and third positions, we see that this implies ()3.29p is exact, and the analogue 
of Corollary 13.111 follows. The relative analogue of Lemma 13.121 in which we 
replace TVj , TVk by r(T7j/Zan), T(Vx/.^an), is immediate. 

For (13.51 we prove the following relative analogue of Theorem 13.151 


Theorem 3.23. Let X be a separated derived C-scheme, Z = SpecH a smooth, 
connected, classical affine C-scheme, rr : X ^ Z a morphism, and [wx/z] 
a family of —2-shifted symplectic structures on XjZ, with dime = k and 
vdime X = n -\- k. Write Aan, ^an for the sets of C-points of X = to(X), Z 
with the complex analytic topology, and suppose Aan is paracompact. Then we 
can construct a relative Kuranishi atlas K.,wj:j^a for TTan : Aan —t 2'an of real 
dimension n + 2k, as in Definition 12.151 with wj : Uj —>■ Zan a submersion. If 
X is quasicompact (equivalently, of finite type) then we can take K. to be finite. 

Proof. First choose a family {(A*, /3i) : j G /}, where A* G edgae is a stan¬ 

dard form edga, and : Spec A* X is a Zariski open inclusion in dSchc for 
each i in I, an indexing set, and /3i : H —J- A° is a smooth morphism of classical 
C-algebras such that ()3.ip homotopy commutes, with {Ri := (Imai)an ■ i £ l} 
an open cover of the complex analytic topological space Aan- This is possi¬ 
ble by a relative version of Theorem 12.51 easily proved by modifying the proof 
of [U Th. 4.1] to work over the base Z = SpecB. Apply Theorem 13.11 to get 
data Aj G edga^, aj : Spec A* ^ X, (dj : B ^ Aj for finite % J £ I and 
quasi-free morphisms : A^ —> A*, for all finite % K £ J £ I. 
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Use the notation of ti3.2l to rewrite ^jk in terms of complex geom¬ 

etry. As in Corollary 13.51 this gives data Vj,Tj,Ej,Fj,sj,tj,tpj,Rj for all 
finite ^ ^ J Q I ^ and (j)jK, Xjk, ^jk for all finite % ^ K <Z J Q I . Note that the 
holomorphic submersions tj : Vj ^ Zan with tj = tk o (f’JK for K Q J were 
not used in il3.3l - H3.6l as there Zan was the point *, but now we need them. 

Proposition 13.141 now also holds in our relative situation. Its proof in il6.2l 
uses Theorem [ 33 and Lemma [3. 121 which as above hold in the relative situation 
with Definition 13.211 and T(Vj/Zan) in place of Definition 13.61 and TVj. As in 
the proof of Theorem 13.151 we have now constructed a Kuranishi atlas 1C on 
Aan, with dimension n -I- 2k. Setting 177 j := tj\uj ■ Uj —>■ Zan for J € A, we see 
that lC^vjj:j^A is a relative Kuranishi atlas for TTan, with wj a submersion. If 
X is quasicompact we can take I finite, so A and K, are finite. □ 

We then deduce the following relative analogue of Theorem 13.161 

Theorem 3.24. (i) Let X be a separated derived C-scheme, Z = SpecB a 
smooth, conneeted, elassieal ajfine <C-scheme, n : X ^ Z a morphism, and 
[^x/z] a family of —2-shifted symplectie structures on XjZ, with dime 2^ = k 
and vdime X = n+k. Write Xan, 2'an for the sets of C-points of X = to(X), Z 
with the complex analytie topology, and suppose Xan is second countable. 

Then we can make the topological space X^n Into a derived manifold Xdm 
with real virtual dimension vdimR X^m = n+2k, in any of the senses (a) Joyce’s 
m-Kuranishi spaces mKur [22l §4.7], (b) Joyce’s d-manifolds dMan [181 - 120] . 
(c) Borisov-Noel’s derived manifolds DerMariBoNo Oil], or (d) Spivak’s de¬ 
rived manifolds DerManspi [31j . all discussed in 112.61 

(ii) We can also define a morphism of derived manifolds Tr^m : -X^dm —S’ -^anj 
with underlying continuous map TTan : Xan —t ^an- 

(iii) For each zeZan, the fibre Xg^ = 7rJ^(z) = Xdm * is a derived 

manifold with vdimR X^m = n. From Deftnition 13.201 X^ = has a —2- 

shifted symplectie structure and both X^^,X^ have (complex analytic) 

topological space 7r“^ (z) C Xan- Then X(^^ is up to equivalence a possible 
choice for the derived manifold associated to (X^,u!x^) in Theorem 13.161 

Proof. Parts (i),(ii) follow from Theorems 12.181 and 13.231 For (iii), A z € 
Zan then as tj : Vj ^ Zan is a holomorphic submersion for J G A, the 
fibre Vj := tJ^(z) is a complex submanifold of Vj. Setting Uj = Uj H 
Vj and writing Ej, Fj, Sj,tj for the restrictions of Ej, Fj, sj,tj to Vj, and 
Ef^,E(j^,s)f^,'if'j^ for the restrictions of Ef,Ej,Sj,iljj to U), we see that 
I, A, VJ,Ej, Fj,Sj, tj, Ufj,... are a possible choice for the data I, A, Vj, Ej,... 
in the application of Theorems 13.151 and 13.161 to (X^,a;^z). But from facts 
about fibre products of derived manifolds in we see that the derived 

manifold X^m = Xdm XTTdm.Zan.z * oiay be constructed as above from the data 
/, A, U), Ej^, _The theorem follows. □ 

Next we discuss orientations, generalizing 112.41 and TS.bI to the relative case. 
Here is the analogue of Definition 12.121 
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Definition 3.25. Let X be a derived C-scheme, Z = SpecS a smooth, con¬ 
nected, classical affine C-scheme, tt : X —Z a morphism, and [wx/z] G 
7L“^(Lx/z) a family of —2-shifted symplectic structures on X/Z. Then as 
in (12.41) . [ujx/z] induces a canonical isomorphism of line bundles on X = tQ{X)-. 



An orientation for (tt : X —>■ Z, [lox/z]) is an isomorphism o : det(Lx/z|x) 

Ox such that o®o = ix/z,ujx/z- 

Here is the relative analogue of ProDOsition l3.1 7l In (b),(c), we could use also 
use notions of relative orientation for (Xan,Aii) —>■ ^an and Xdm ^an- But as 
Zan is a complex manifold with a natural orientation, these are equivalent to 
absolute orientations for (Xan,/C), Xdmj so we do not bother. The proof is an 
easy modification of that in il6.3l 

Proposition 3.26. In the situation of Theorems 13.231 and 13.241 there are 
canonical 1-1 correspondences between: 

(a) Orientations on (tt : X ^ Z, [lOx/z]) in the sense of Definition 13.25] 

(b) Orientations on (Xan,A^) in the sense of il2.5l and 

(c) Orientations on Xdm in the sense of H2.6.2I 

The relative analogue of Proposition 13.181 does hold, but we will not prove 
it, as we do not need it. The next theorem says that the virtual classes 
[Xdm]dbo, [Xdm]virt of a proper oriented —2-shifted symplectic derived C-scheme 
(X, defined in Corollary 13.191 are unchanged under deformation in families. 
Note that it is essential that the base C-scheme Z be connected in Theorem l3.27l 

Theorem 3.27. Let X be a separated derived C-scheme, Z = Spec 5 a smooth, 
connected, classical affine C-scheme, -n : X ^ Z a proper morphism, and 
[wx/z] a family of —2-shifted symplectic structures on X/Z, equipped with an 
orientation, with dime Z = k and vdime X = n -\- k. 

For each z € Zan we have a proper, oriented —2-shifted symplectic C-scheme 
(X^ , with vdimX^ = n, so Corollary 13.191 defines a d-bordism class 

[Xdm]dbo S dBn(*) and a virtual class [Xdm]virt G Hn{Xf^-,lj), depending only 
on {X^,iv*x.). Then [X^^^]dbo = [X^?„]dbo and = z?([X^=Jvut) 

for all Zi,Z 2 G Zan, where *J([Xdm]virt) G i7n(Xan;Z) is the pushforward under 
the inclusion : Xf^ ^ Xan- 

Proof. Theorem 13.241 constructs a derived manifold Xdm with vdimXdm = 
n -I- 2fc and a morphism TTdm : Xdm —S’ 2'an, which is proper as tt is proper, and 
Proposition 13.261 gives an orientation on Xdm- 

Let zi,Z 2 G Zan- As Z is connected we can choose a smooth map 7 : [0,1] —>■ 
Zan with 7 ( 0 ) = zi and 7 ( 1 ) = Z 2 - The fibre product 


dm — X^dm ^ ,Za,n,7 [0, 1] 
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exists as a derived manifold with boundary by [THl §7.5], [501 §7-6], [OO], with 
vdim VFdm = n + 1, and Wdm is compact as [0,1] is and TTdm is proper, and 
oriented since Xdm, 2’an, [0,1] are. As 3Xdm = = 0, the boundary is 

dWdm = Xdm 5[0, 1] = E 

where are the fibres of TTdm : Xdm -t ^an at zi,Z 2 - 

Since 9[0,1] = —{0} E {1} in oriented 0-manifolds, we have dWdm = 
—E in oriented derived manifolds. Therefore Definition 12.201 gives 
[^dmldbo = [X^^jdbo in dBn{*). By TheoreminSHc) Xj]^,X^^ are outcomes 
of Theorem lOm] applied to (X"^b ), (X^^ ), so [X^J^jdbo, [X^^dbo 

are the d-bordism classes associated to in Corollary 

13.191 A similar argument works for the homology classes. □ 

Remark 3.28. The assumptions that Z is smooth, classical, and affine, and 
X is separated, in Theorem 13.271 are easily removed; we can work over a base 
Z which is a general classical or derived C-scheme, provided it is connected. 

To see this, suppose tt : X —^ Z is a proper morphism of derived C-schemes 
with Z connected, and [ujx/z] G 77“^(Lx/z) is a family of —2-shifted symplec- 
tic structures on X jZ equipped with an orientation, extending Definitions 13.201 
and 13.25] to general Z in the obvious way. 

Suppose zi,Z 2 G Zan. As Z is connected we can find a sequence zi = 

..., z^ = Z 2 of points in Zan, and a sequence of smooth, connected, affine 
curves C^,..., over C with morphisms tt* : C* Z, such that 7r*(C*) con¬ 
tains z* for i = 1,..., X. Then X* = X ^ C* is a derived C-scheme, 
and [uJx/z] pulls back to a family [wx^/C'] of oriented —2-shifted symplectic 
structures on X'‘ jC'’. Applying Theorem 13.271 to (X* —)• C*, [wx^c*]) see 
that ] = [Xjj^j in dBn{*) for i = 1,..., X, so that 

[X^l^Jdbo = [Xf^j = [X^L] = • • • = [X^!!] = [X^?„]dbo. 

The same argument works for virtual classes [Xj]^]virt in homology. 

We took Z to be smooth above to avoid defining families Tr^jm : X^m —t Z 
of derived manifolds over a base Z which is not a (derived) manifold. 

3.8 ‘Holomorphic Donaldson invariants’ of C—Y 4-folds 

We now outline how the results of H3.11 - H3.7I can be used to define new enu- 
merative invariants of (semi)stable coherent sheaves on Calabi-Yau 4-folds X, 
which we could call ‘holomorphic Donaldson invariants’, and which should be 
unchanged under deformations of X. A related programme using gauge theory 
has recently been proposed by Cao and Leung [8lll0] , which we discuss in H3.91 
We begin by discussing Donaldson-Thomas invariants DT°‘{t) of Calabi- 
Yau 3-folds, introduced by Thomas [35]. Suppose Z is a Calabi-Yau 3-fold over 
C with an ample line bundle 0^(1), which defines a Gieseker stability condition 
T on coherent sheaves on Z, and a G i7®''®"(Z; Q). Then one can form coarse 
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moduli C-schemes A4“t(T), Ad" (r) of T-(semi)stable coherent sheaves on Z of 
Chern character a, with J\Ag^{T) C (r) Zariski open, and proper. 

Thomas [32] showed that carries an ‘obstruction theory’ (j> : E* ^ 

of virtual dimension 0, in the sense of Behrend and Fantechi [Tj. Thus, 
if there are no strictly r-semistable sheaves in class a, so that = Af “ (r) 

and is proper, then [Tj gives a virtual count DT°^{t) = [Af“t(T)]virt G Z. 

Thomas proved that DT°^(t) is unchanged under continuous deformations of Z. 

Later, Joyce and Song [21| extended the definition of DT°‘{t) to invariants 
DT°‘{t) G Q for all a G H^^™{Z;Q), dropping the condition that there are 
no strictly r-semistable sheaves in class a, and proved a wall-crossing formula 
for DT°‘{t) under change of stability condition r. At about the same time, 
Kontsevich and Soibelman |25j defined a motivic generalization of Donaldson- 
Thomas invariants (assuming existence of ‘orientation data’ as in ^2.41) . and 
proved their own wall-crossing formula under change of r. 

Thomas [32] called his invariants DT°‘{t) ‘holomorphic Casson invariants’, 
though they are now generally known as Donaldson-Thomas invariants. Here 
Casson invariants are integer invariants of oriented real 3-manifolds Zr which 
are homology 3-spheres, which ‘count’ flat connections on Z-r. 

This followed a programme of Donaldson and Thomas m, which starting 
with some well-known geometry in real dimensions 2,3 and 4, aimed to find 
analogues in complex dimensions 2,3 and 4; so the complex analogues of ho¬ 
mology 3-spheres, and flat connections upon them, are Calabi-Yau 3-folds, and 
holomorphic vector bundles (or coherent sheaves) upon them. 

Donaldson invariants |12] are invariants of compact, oriented 4-manifolds 
1 r, defined by ‘counting’ moduli spaces of SU(2)-instantons E on Yr 

with C2{E) = a G Z. In contrast to Casson and Donaldson-Thomas invariants, 
the (virtual) dimension of AI(J,st need not be zero. Oversimplifying / lying 
a bit, one first constructs an orientation on AI((,st, [121 §5.4]. Then we have a 
virtual class [AI])ist]virt ; Z). For each f3 G H^iYR] Z) we construct a 

natural cohomology class ^(/3) G iJ^(Al])jst; Z), with ^(^di-1-/32) = /r(/3i)-|-/r(/32). 
Then if = 2k, we define Donaldson invariants D°‘{j3i, ..., /J^) = (/j,(/3i)U- ■ -U 
KPk)) ■ [AI“st]virt G Z for all /3i,..., /3fe G iJ2(lR; Z). We can think of D°‘ as a 
Z- valued homogeneous degree k polynomial on E[ 2 {Yr-,'Z). 

We propose, following m. to define ‘holomorphic Donaldson invariants’ 
of Calabi-Yau 4-folds. The gauge theory ideas which were the primary focus 
of [T3| will be discussed in H3.91 here we work in the world of (derived) algebraic 
geometry. Suppose Y is a Calabi-Yau 4-fold over C (i.e. Y is smooth and 
projective with H'^{Oy) = C if f = 0,4 and E[''{Oy) = 0 otherwise), and 
a = (a°, a^, a®, a®) G iJ®™"(Y;Q). As above we can form coarse moduli 

C-schemes A42^(t) C AI“ (r) of Gieseker (semi)stable coherent sheaves on Y of 
Chern character a, with proper. 

To make contact with the work of g3T]-g3J| we need to show: 

Claim 3.29. There is a —2-shifted symplectic derived C-scheme (Al“t(T),a;*), 
natural up to equivalence, with classical truncation to(A4“t(r)) = A4“t(r), of 
virtual dimension vdimc A4“t(T) = d°‘ := 2 — deg(a U d U td(TY))8, where 
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a= {a^,—a^,a'^,—a^,a^), and td(—) is the Todd class. 

Pantev et al. EHl §2.1] prove the analogue of Claim 13.291 in the context of 
(derived) Artin stacks, but we want to reduce to (derived) schemes. Roughly 
this means factoring out the C* stabilizer groups at each point of the r-stable 
derived moduli stack. Actually, it should not be difficult to extend il3.lbil3.7l to 
derived algebraic C-spaces rather than derived C-schemes, and then it would be 
enough to construct A4“t(T) as a derived algebraic C-space. 

Next we would need to answer the: 

Question 3.30. Does (A^“t(T), w*) in Claim 13.291 have a natural orientation, 
in the sense of gm possibly depending on some choice of data on Y? 

Following the argument of Donaldson [121 §5.4], Cao and Leung [ini Th. 2.2] 
prove an orientability result, which should translate to the statement that if 
the Calabi-Yau 4-fold Y has holonomy SU(4) with 77* (Y ; Z) torsion-free, and 
is a derived moduli scheme of coherent sheaves on Y, then orientations 
on A4“(r) exist, though they do not construct a natural choice. 

If both these problems are solved, then Theorem 13.161 makes A4“t(T)an into 
a derived manifold Ad.“j(r)dm of real virtual dimension which is oriented by 
Proposition 13.171 If there are no strictly r-semistable sheaves in class a then 
A42;(T)dm is also compact, and has a d-bordism class [A42^(r)dm]dbo in dBd<^{*) 
and virtual class [A4S,(r)dm]virt in 77d°(AI“t(T)an;Z). 

If = 0 then [A4“t(T)dm]dbo G dBo{*) = Z is the virtual count we want. 
But if > 0 we should aim to find suitable cohomology classes on AI“t(T)an 
and integrate them over [Ad.“t(T)dm]virt, as for Donaldson invariants above. 

Claim 3.31. One can define natural cohomology classes p{(d) on A4“t(T)an de¬ 
pending on homology classes /3 on Y, which can be combined with [>t“t('r)dm]virt 
to give integer invariants, in a similar way to Donaldson invariants. 

If A4“t(T) is a fine moduli space, there is a universal sheaf £ on AI“t(r) x Y, 
with Chern classes Ci(£:) e i72®(A4“t(r)an x Y; Q) = 0^ 772*“'‘(AdS;(T)an; Q) ® 
77*(F;Q), and we can make £ 77^*“^(A42;(''‘)an;Q) by contracting Ci{£) 

with /3 G Hk{Y-,Q). Using the results of ^13.71 we should be able to prove that 
the resulting invariants are unchanged under continuous deformations of Y. 

This would take us to the same point as Thomas [32] in the Calabi-Yau 3- 
fold case: we could ‘count’ moduli spaces for those classes a containing 

no strictly r-semistable sheaves, and get a deformation-invariant answer. Many 
questions would remain, for instance, how to count strictly r-semistables, wall¬ 
crossing formulae as in [241125] . computation in examples, and so on. 

We hope to return to these issues in future work. 

3.9 Motivation from gauge theory, and ‘SU(4) instantons’ 

Finally we discuss some ideas of Donaldson and Thomas m, which were part 
of the motivation for this paper, and the work of Cao and Leung [HHTQ]. 
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Let y be a Calabi-Yau 4-fold over C, regarded as a compact real 8 -manifold 
Y with complex structure J, Ricci-flat Kahler metric g, Kahler form w, and 
holomorphic volume form Fix a complex vector bundle E ^ Y oi rank r > 0 
with Hermitian metric h and Chern character ch(i?) = a, and as in [51IH] assume 
for simplicity that ci{E) = 0. Consider connections V on i? preserving h with 
curvature F G C'°°(End(£’) {^~^T*Y (g)R C)). The splitting 

E^T*Y Or C = (a;)c © © A^’°T*Y © A°’^T*Y 

induces a corresponding decomposition F = F‘^ © 

We call V a Hermitian-Einstein connection if F‘^ = = 0. We 

can split V = 9 b ©9b, where Be gives E the structure of a holomorphic vector 
bundle on (Y, J), as = 0. The Hitchin-Kobayashi correspondence says that 
if {E, Be) is a holomorphic vector bundle and is slope-stable, then Be extends 
to a unique Hermitian-Einstein connection V = 9 b © 9b preserving h. Also, 
holomorphic vector bundles on Y are algebraic. Thus, studying moduli spaces 
Af“ig_vb of stable algebraic vector bundles is roughly equivalent to studying 
moduli spaces of Hermitian-Einstein connections, modulo gauge. 

As a system of p.d.e.s, the Hermitian-Einstein equations are overdetermined: 
there are 8 r^ unknowns, 13r^ equations and gauge equivalences, with 8 r^ — 
13r^ — r^ <0. Algebraically, this corresponds to the fact that the natural 
obstruction theory on Adaig-vb is not perfect, so we cannot form virtual classes. 

Using H, g we can define real splittings A^’^T*Y = A‘^^T*Y © A^^T*Y, 
A°’ 2 r*y = A^‘^T*Y(BA^J^T*Y and corresponding decompositions F 2 ’° = 

F°’2 = F^’2 0 Following Donaldson and Thomas [131 §3], we call V 
an S\J{4:)-instanton if F‘^ = = 0. This gives 8r^ unknowns, 7r^ 

equations and gauge equivalences, with 8r^ — 7r^ — r^ =0. It is a determined 
elliptic system, so that we can hope to define virtual classes. This is special to 
Calabi-Yau 4-folds, a complex analogue of instantons on real 4-manifolds. 

Writing A 4 gu( 4 ) for the moduli space of SU(4)-instantons, we have Ad^E ^ 
Adgu( 4 ), as the SU(4) instanton equations are weaker than the Hermitian- 
Einstein equations. Now a = ch{E) G HP’P{Y) if E admits Hermitian- 

Einstein connections. Conversely, as in [13l p. 36], if a G ^pHP’P{Y) then 
one can use L^.j^orms of components of F to show that any SU(4)-instanton is 
Hermitian-Einstein. Thus, either Ad^E = Adgu( 4 ), or Ad^E = 

However, the equality AIhe = ■^SU(4) holds only at the level of sets, or 
topological spaces. Since Ad he is defined by more equations, if we regard 
Ad§E , Adgu( 4 ) as (derived) C^-schemes, for instance, then AIhe Si ■A^SU(4)- 
In the setting of 113.11 - 113.61 we should compare AIhe Calabi-Yau 4-fold 
moduli space, without a virtual class, equivalent to an algebraic moduli scheme 
Ad“jg_vb) with the —2-shifted symplectic derived C-scheme (X, w^), and Adgu( 4 ) 
(an elliptic moduli space, hopefully with a virtual class, equal to AdnE oo dti® 
level of topological spaces) with the derived manifold Xdm- It was these ideas 
from Donaldson and Thomas m that led the authors to believe that one could 
modify a —2-shifted symplectic derived C-scheme to get a derived manifold with 
the same topological space, and so define a virtual class. 
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Donaldson and Thomas m envisaged using gauge theory to define invariants 
of Calabi-Yau 4-folds ‘counting’ moduli spaces Adgu(4), and also invariants of 
compact Spin(7)-manifolds ‘counting’ moduli spaces of ‘Spin(7)-instantons’. 

This would require finding suitable compactifications of the moduli 

spaces A^su( 4): giving them a nice enough geometric structure to define 

virtual classes, which is a formidably difficult problem in gauge theory in di¬ 
mensions > 4. A huge advantage of our approach is that, working in algebraic 
geometry, with moduli spaces of coherent sheaves rather than vector bundles, 
we often get compactness of moduli spaces for free, without doing any work. 

Cao and Leung [HHin] also aim to define enumerative invariants of Calabi- 
Yau 4-folds Y, which they call ‘iDT4-invariants’, and their ideas overlap with 
ours. As for our outline in i l3.81 their general theory is still rather incomplete, 
but they prove many partial results, and do computations in examples. 

Given a vector bundle moduli space Af“ig_vb — -^he — -’^su(4) ™ topologi¬ 
cal spaces, assuming it is compact, and with an orientation (compare Question 
I3.30D . Cao and Leung [Q] §5] define a virtual class [A4gu(4)]virt for A1gu(4p and 
contract this with some cohomology classes /r(/3) (compare Claim [33T]l to get 
integer invariants, which they prove are unchanged under deformations of Y. 
All this involves fairly standard material from gauge theory. 

They also discuss the case in which one has a compact moduli space of coher¬ 
ent sheaves A4“ob-sin which contains the vector bundle moduli space A4fig-vh 
an open subset. They want to define a virtual class for A4coh-shi we want to, 
and they can do this under the assumptions that either A4“ob-sh smooth, or 
(in our language) that the —2-shifted symplectic derived scheme (A4“ob-shJ^*) 
is locally of the form T*X[2] for X a quasi-smooth derived C-scheme. 

To compare our work with theirs: given C A4“ob-sh above, as¬ 

suming Claim ITMI our Theorem 13.161 gives A4“ob-sh the structure of a derived 
manifold, but one depending on arbitrary choices. By topologically identifying 
■^aig-vh — ■^su(4)’ effect Cao and Leung make i'^to a derived man¬ 

ifold, canonically up to equivalence (though depending on the Kahler metric g 
and holomorphic volume form fl). However, there seems no reason why their 
derived manifold structure on Af“ig_vb C A4“oh-sh should extend smoothly to 
A4“oh-sh- This is a reason why our approach may in the end be more effective. 

4 Proof of Theorem 13.1 

In this proof we write cdgaj- for the ordinary category of cdgas over C, and 
cdga“ for the oo-category of cdgas over C, dehned using the model structure 
on cdgaj^. All objects in cdga^. are hbrant. A cdga A is cofibrant if it is a 
retract of a cdga A' which is almost-free, that is, free as a graded commutative 
algebra. If ^ : A ^ H is a morphism in cdgaj- then (j> : A ^ B is also a 
morphism in cdga^. However, morphisms (f : A ^ B in cdga“ may not 
correspond to morphisms A ^ B in cdga^ unless A is cofibrant. 

The spectrum functor Spec maps (cdgaj;-)°P ^ dSchc and (cdga“)°P —>■ 
dSchc, and (cdga^)°P —dSchc is an equivalence with the full oo-subcategory 
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of dSchc with affine objects. So, morphisms (j) ■. A ^ B\w cdga^ are essentially 
the same thing as morphisms SpecB —>■ Specif in dSchc- 

Let TV : X ^ Z = SpecB and {(A*, /3i) : i e /} be as in Theorem 

o Our task is to construct a standard form cdga A* = (Aj,d), a Zariski 
open inclusion otj : Spec A* ^ X, and a morphism /3j : B ^ Aj for all 
finite % ^ J Q I, and a quasi-free morphism ^jk '■ A^ A*j for all finite 
^ ^ K Q J C I^ satisfying conditions. We will do this by induction on increasing 
k = \ J\. Here is our inductive hypothesis: 

Hypothesis 4.1. Let fc = 1, 2,... be given. Then 

(a) We are given finite subsets Sj for all 0 ^ J C / with |J| ^ k and all 
n= -1,-2 ,.... 

(b) For all 0 7^ J C J with | J| ^ k we have Aj = ^ a smooth 

C-algebra of pure dimension, where the tensor products are over B using 
j5i : B ^ A^ to make A° into a H-algebra, so that if J = {H, • ■ ■, H'} 

Aj = Aij (Zb Aij (Zb ■ ■ ■ Ai.. (4.1) 

The morphism jSj : B ^ Aj is induced by (14.11) and the (3i ■. B ^ A^ for 
i € J, and is smooth as the Pi are. 

(c) For all 0 7^ J C / with | J| ^ fc, as a graded C-algebra, A} is freely gener¬ 
ated over Aj by generators degree n for n = —1, —2,_ 

(d) For all 0 7^ iF C J C / with | J| ^ fc, the morphism : A^ Aj in 
degree 0 is the morphism 

^ = mK ^ B) (g)— ^ A° = AO 

induced by the morphisms id : A® ^ A? ior i G K and Pi : B ^ A^ 

for i G J \ K. Then ^jk ■ A^ A*j is the unique morphism of graded 
C-algebras acting by in degree zero, and mapping ^jk : 7 7 for 

each 'y G S'l for % ^ L G K (G J G I and n = —1, —2,..., so that 7 is a 
free generator of both A^ over A^ and A} over 

Note that $ : A^ —>■ Aj is a smooth morphism of C-algebras of pure 

relative dimension, since id : A^ —)• A^ and /3i : H —)• A? are. Also ^jk 

maps independent generators of A|f over A^^ to independent 

generators of A} over Aj. Hence $j_r- : A|f ^ A} is quasi-free. 

Clearly Pj = o Px = ^jk o Px : B ^ A°j. 

Also, \i%^LGKGJGI with | J| ^ iF then clearly 4)°^^ = • 

A° ^ AO, and 4 >jl = ^jx o ^xl : Al ^ A}. 

(e) For all 0 7^ J C / with | J| ^ k and all n = —1, —2,..., we are given 
maps S^: S'}A}+\ 

(f) Let % ^ J G I with |J| ^ k. Define d : A} —>■ Aj"*"^ uniquely by the 
conditions that d satisfies the Leibnitz rule, and 

d7 = $jif o( 5^(7) for all 0 7^ iF C J, n <-1 and 7 e 5^. (4.2) 
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We require that d o d = 0 : A*j^^, so that A* = {A*j, d) is a cdga. 

This defines A'j = (A},d), as a standard form cdga over C. Observe that 
if0^isrcjC / with I J| ^ fc then as ^jk '■ A*^^ —>■ A*j is a morphism of 
graded C-algebras with ^jk o dq = d o ^jk{i) for all 7 in the generating 
sets fo’^ ^*K have ^jk o d = d o : A'^ — >• 

A*j^^, and so ^jk '■ A*j^ —7> A} is a morphism of cdgas. 

(g) For all 0 ^ J C J with |J| ^ k, we are given a Zariski open inclusion 
aj : Specif* ^ X, with image Imctj = such that (13.2p 

homotopy commutes. 

If0^iFCJC / with I J| ^ /c then (|3.3D homotopy commutes. 

Remark 4.2. (i) In Hypothesis 14.11 the only actual data required are the 
finite sets Sj in (a), the maps Sj : Sj ^ fo (e), and the morphisms 

aj : SpecHj ^ X in (g). 

Also, the only statements requiring proof are that d o d = 0 in (f), and that 
otj is a Zariski open inclusion with image Pl^^jlmai, and that (13.2p and p.3p 
homotopy commute in (g). All of (b),(c),(d) are definitions and deductions. 

(ii) Most of the conclusions of Theorem o are immediate from the definitions 
in (a)-(g): that A* is a standard form cdga, and /3j : R Aj is smooth, and 
’^JK ■■ A'l^^ A'j is quasi-free, and /?j = ^jk o /3x, and = ^jk o <^kl- 

For the first step in the induction, we prove Hypothesis 14.11 when fc = 1. 
Then the only subsets 0 7^ J C / with | J| ^ fc are J = {i} for i G I, and the 
only subsets 0 7^ AT C J C / with | J| < k are J = K = {i} for i G /. 

As in Theorem 13.11 we are given data {(A*,/3i) : i G /}, where A* is a 
standard form cdga, so that A* is freely generated over A° by hnitely many 
generators in each degree n = — 1, — 2,..., as in Definition 12.11 For each z G / 
and each n = —1, —2,..., choose a subset 51^.1 C A", as in part (a) for J = {z}, 
such that A* is freely generated over A° by Set A\^ = A* and 

P{i} = /3ii SO that parts (b),(c) hold for J = {z}. 

Part (d) is a definition, and when k = 1 only says that when J = K = {z} 
we have $|qp| = id : A*^^^ ^ A'.j. For (e), define A^+i = A^+^ 

by <5|j|(7) = dy, using d in the cdga A* = (A*,d). Given (e), part (f) says that 
the differentials d in A*.j = (A|-j,d) and A* = (A*,d) agree, consistent with 
setting A*-j = A*, so d o d = 0 in A*.| as A* is a cdga. 

For (g), if z G / define = cti : A*^j = A* X. Then the assumptions on 
{(A*,a„A):* G /} in Theorem [3A] imply that Q;{i} is a Zariski open inclusion, 
with image Imajj} = Ima^, and (13.21) homotopy commutes for J = {z} as (13.11) 
does. The only ^ ^ K C J C I with | J| ^ A: = 1 are J = K = {z}, and then 
(|3.3I) homotopy commutes as aj = olk = Oi{i} and ^jk = id. This completes 
Hypothesis 14.11 when A: = 1. Note that our definitions A*-j = A*, ccp} = oci, 
and = Pi for z G / are as required in Theorem 13.H ib 

Next we prove the inductive step. Let Z ^ 1 be given, and suppose Hypothesis 
KT\ holds with k = 1. Keeping all the data in (a),(e),(g) for |J| ^ I the same. 
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we will prove Hypothesis 14.11 with k = l+\. To do this, for each J Q I with 
\J\ = 1 + 1, we have to construct the data of finite sets Sj for n = —1, —2,... in 
(a), and maps Sj-.Sj^ in (s); and the morphism aj : SpecH* ^ X 

in (g), and then prove the claims in (f) that d o d = 0, and in (g) that otj 
is a Zariski open inclusion with image pl^gjlmcii, and that (13.21) and p.3p 
homotopy commute. 

Note that as Hypothesis 14.11 involves no compatibility conditions between 
data for distinct J, J' C / with | J| = \J'\ = k, we can do this independently for 
each J C I with | J| =1 + 1, that is, it is enough to give the proof for a single 
such J. So fix a subset J Q I with \J\ = I + 1. 

We first define a standard form cdga A* which is an approximation to the 
cdga A'j that we want, and morphisms (3j : B ^ A'j, ^jk ■ A^ —>■ Aj for all 
% ^ K C J, so that \K\ < I and is already defined: 

• Define = Hj and Pj = fij ■. B ^ = Hj as in Hypothesis 14. H bi. 

• Define A*j to be the graded C-algebra freely generated over by gen¬ 
erators degree n for n = —1, —2,-This is the same as 

for A*j in Hypothesis 14. H cl. except that we do not include generators 5”, 
since Sj is not yet defined. 

• If 0 /sT C J, so that A^ is defined, define 4)°^ : A^ A'j = A^j 
as in Hypothesis l4.H db and define ^jk '■ A’^ —>• A*j to be the unique 
morphism of graded C-algebras acting by $ in degree zero, and mapping 

: 7 !->■ 7 for each 7 G for 0 L C if and n = —1, —2,- 

• The differential d : Aj — A*j^^ in the cdga A'j = (H},d) is determined 
uniquely as in (|4.2|1 by 

dy = ^jK o 5^{l) for all 0 y^ if C J, n ^ —1 and 7 G S^- 

Then ^jk '■ A^ —>■ A* is a cdga morphism for all 0 y^ if C J, as in 
Hypothesis 14.If f) for ^jk- 

That is, Aj is the colimit in the ordinary category cdgsi^. of the commutative 

diagram T with vertices the objects B and A^ for all if with % ^ K + J, and 

edges the morphisms Pk ■ B ^ A^ and ^KiK 2 ■ ^ ^ ^ K 2 ^ 

ifi C J, and f3j : B ^ A*j, ^jk ■ A'j. A*j are the projections to the colimit. 

Since all the morphisms in T are almost-free in negative degrees and smooth in 

degree 0, these morphisms are sufficiently cofibrant to compute the homotopy 

colimits as well. Indeed, having such a morphism A* —C* we can factor it into 

A* —>■ H* ® (7° —)• C*. Each one of these morphisms is flat, and hence homotopy 
AO 

pullbacks can be computed without resolving. Finally we notice that the colimit 
of the entire diagram T can be calculated as a sequence of pullbacks. So Aj is 
also the homotopy colimit of T in the oo-category cdga^. Hence Spec A* is 
the homotopy limit of SpecT in the oo-category dSchc. 

For 0 y^ if C J, consider fjigif Imcii as an open derived C-subscheme of X. 
Then by Hypothesising), cxk ■ SpecAJ^ ^ Imcii is an equivalence in 
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dSchc- We also have the open derived C-subscheme in X, which is 

affine by Definition 12.61 as X has affine diagonal and Im oti ~ Spec A* is affine 
for i G J. Thus we may choose a standard form cdga Aj and an equivalence 
&j : Speci.} fliejlmai. 

Dehne morphisms /3j : Spec A* Z = SpecB by /3j = tt o aj, and 

4>jj^ : Spec A} —7 > Spec^Jf for 0 if C J to be the composition 
^ -1 
Spec A'j - ^ fliej I™ cx, ^^ Imcti -5 - Spec 

where is a quasi-inverse for the equivalence cxk '■ Spec ^ Higic Imai. 

Now by the homotopy limit property of Spec A*, there exists a morphism 

■0 : Spec A* —Spec A* in dSchc unique up to homotopy, with homotopies 
(3 j ~ Spec /ij o 0 and 0jx — Spec ^jk o 0 for 0 if C J. We can then write 
0 ~ Spec tl' for : A*j —>■ A* a morphism in cdga“, unique up to homotopy. 
However, we do not yet know that dt descends to a morphism in cdga^^. The 
definitions of $j, 0j^ and 0 ~ Spec give homotopies 

TT o OLj ~ Spec j3j o Spec ; Spec A'j —> Z, 

OLj ~ OLK o Spec o Spec ; Spec Aj — > X, 0 ^ if C J. 

Consider the composition of morphisms of classical C-algebras 

A^j^=A° - -ii°(i}) - (4.4) 

Here Spec is the natural morphism 

Specif°('h) : Xy ^ U7"kIjXk, (4.5) 

writing Xk for the open C-subscheme to(Iin a^) in X. This is the re¬ 
striction of the multidiagonal ' : X^XxzXxz---XzX, with 

copies of X on the right. As X is separated, X\ :X—^-Xx^Xisa closed 
immersion, so is a closed immersion. Also the domain Xj of (14.51) is the 

preimage under A^"^' ^ of the target, since Xj = C\{d^k<zj as |J| ^ 2. 

Hence (|4.5|) is a closed immersion, so in (14.4|) is surjective. Also 

Aj —>■ H^{Aj) is surjective, so the composition (14.41) is surjective. Therefore we 
can replace A* by an equivalent object in cdga“, such that Aj = Aj, and the 
following homotopy commutes in cdga^: 


A°y 

I 

A} 


I 


(4.6) 


Now : A* —>• A'j is a morphism in cdga^^. For this to descend to a 
morphism in cdga^., the simplest condition is that A* should be cofibrant and 
Aj hbrant in the model category cdga^. Here A* is fibrant, as all objects are, 


48 












but A*j may not be cofibrant, i.e. a retract of an almost-free cdga. However, A*j 
is cofibrant as an Hj-algebra, as it is free in negative degrees, and dUl) says 
that does descend to a morphism in cdga^ in degree 0. Together these imply 
that descends to a morphism ; A* —>• A*j in cdga^. 

Next, by induction on decreasing n = —1, —2,... we will choose the data 
Sj,Sj in Hypothesis H.lf ableb Here is our inductive hypothesis: 

Hypothesis 4.3. Let iV = 0, —1, —2,... be given. Then: 

(a) We are given finite subsets Sj for n = Write = 

A*j[Sj ,..., Sj] for the graded C-algebra freely generated over Aj by the 
sets of extra generators Sj in degree n for all n = —1, —2, ...,7V. 

(b) We are given maps Sj:S]—>- Aj~^ for n = —1, —2 ,... ,N. Define d : 

Aj ^ —>■ Ay^j^ uniquely by the conditions that d satisfies the Leibnitz rule, 
and d is as in A* = (Aj,d) on A*j C A*jj^j, and on the extra generators 
7 G Aj for n = —1, —2 ,.. .,N, we have dy = Sj^-y) € Aj'J^. We require 
that dod = 0 : —>■ Aj^, so that A*^ = (A}^,d) is a cdga. 

(c) We are given maps ^j : A" —>■ A” for n = —1, —2 ,... ,N. 

Define Sjv : A*j j^ Aj to be the morphism of graded C-algebras such 
that En = on A} C A*jj^, and on the extra generators y £ S'] for 
n = -1, -2,..., iV, we have EN^y) = Cil) G A} ^. 

We require that S^rod = doS^v : A] Aj'*'^, so that Sjv : A}^ —>• A} 
is a cdga morphism. 

We also require that iL"(Sjv) : H^{A*jj^) — H'^{A*j) should be an iso¬ 
morphism for n = 0, —1, —2,..., iV -|- 1, and surjective for n = N. 

For the first step N = 0, there is no data S],S],^], and A'p = A*, and 
So = dt, and the only thing to prove is that : iL°(A}) —iL°(Aj) is 

surjective, which holds as 4/° = id : A^ —>■ A°, = A°, from above. So Hypothesis 
[U holds for iV = 0. 

For the inductive step, let m = 0, —1, —2,... be given, and suppose Hypothe- 
sis l4.3l holds with N = m. Keeping all the data A", 5", ^] for n = —1,..., m the 
same, we will prove Hypothesis 14.31 with N = m — l. Note that with AJ^,..., A™ 
the same, the graded C-algebras A}^^, A*j^^_-^ agree in degrees 0, —1,..., m, so 
it makes sense to say that S] : S] —)■ A]]] and S] : S] —)■ A]y]_^ are equal for 
n = —1, —2 ,... ,m. We must choose data A™“^, <5™”^ : A™“^ —>• A™^_^ and 
: A™“^ —>■ A™“^, and verify the last two conditions of Hypothesis I4.3r c'). 

Choose a finite subset A^"^ of Ker(iJ™(S„) : H^{A])) 

which generates Ker(- • •) as an iL°(A}^)-module, and a finite subset A™”^ of 
^m-i(A.) such that and Im(£r™-i(S„) : i?™"HAj„) ^ iL™-^(A*)) 

generate as an iL°(Aj)-module. Finite subsets suffice in each case 
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since Aj^,Aj are of standard form, so that H"{Aj^), H^{Aj) are finitely 
generated over H°{A’jJ, for all n. Set 5™-^ = U 57“^ 

Then Hypothesis Id’df al defines ^jm_i as a graded C-algebra, with 
= in degrees m. For all 7 G ^7”^, choose a representative <57”^ ( 7 ) in 

^7m-i = ^7m til®‘^oi^oniology class 7 in ^), so that d(( 57 ~^( 7 )) =0 

in Ay^. Define = 0 in ^7m-i ioi nil 7 G 'i'iii® defines 

^7”^ : ^™m-i in Hypothesis H-df Sl. and hence d : A*j^_^ —>• 

To see that d o d = 0 : A*j„^_^ note that A*j„^_^ = A},„[S'7"^], 

so d on A*jj^_^ is determined by d on A*j^, which already satisfies dod = 0 by 
induction, and d on the extra generators which satisfy d o d = 0 as for 

7 G *S7~^ have d o d 7 = d((57~^(7)) = 0, and for 7 G *S7~^ have d 7 = 0 
so d o d 7 = 0. Hence A* d) is a cdga, as we have to prove. 

For all 7 G 57”^, as G ^7m represents a cohomology class in 

Ker(iJ"*(E!m) : H"^{Aj,^) — 5 > H"^{Aj)), we see that o d7~^(7) is exact in 
Aj, so we can choose an element C™~^( 7 ) G ^itfi d ° ° 

For all 7 G ^7”^ H'^~^{Aj), choose an element C7~^(7) ^ 

representing 7 , so that d o ^ 7 ”^ ( 7 ) = d- Tdis defines ^ 7 ”^ ■ 

Hypothesis 14.3f cl now defines S^-i : “t H}. To prove that Sm-i o 

d = doSm-i, note that = A*j^^[S'y~^], and on A*j^^ C A*j^^_-^ we have 

Sm-i = Sm, and o d = d o by induction. So it is enough to prove that 
Sm-i o d( 7 ) = d o “^- 1 ( 7 ) for all 7 G <S'7~^. If 7 G ^7”^ then 

S^_i od(7) = Sm_i oi57“77)=Sm 0(57“H7)=do^7“77) = doSm_i(7), 

as we want. Similarly, if 7 G then 

od(7) = Sm_i o( 57“77) = 0 = do^7“77) = doS,.„_i( 7 ). 

Therefore S^-i od = doSm-i, and S^-i : Aj^_^ Aj is a cdga morphism. 

Finally we have to show that is be 

an isomorphism for n = —1, —2 ,... ,m, and surjective for n = m — 1. Since 
Em ■ A'j^ —)> A* and Em-i '■ ^ A* coincide in degrees 0, —1 ,... ,m, 

in cohomology they coincide in degrees 0 ,—l,...,m + l, so H^{Em-i) is an 
isomorphism for n = 0, —1 ,..., m + 1 as H'^iEm) is, by induction. 

As H'^iEm) ■ H"^{Aj^) H™{Aj) is surjective, and the added gener¬ 
ators 57”^ in Aj^^_-^ span Ker(i7'"(Sm)), adding Sy~^ makes H^{Em-i) '■ 
H"^{Aj^_^) — 7 > H^{A'j) into an isomorphism. Also, since the added generators 
57”^ together with (Em)) generate adding ,S 7 ~^ makes 

^ surjective. 

This proves Hypothesis 14.31 for N = m — 1, so hy induction Hypothesis 14.31 
holds for all N = 0, —1, —2,.... Taking the limit limAr^_oo at gives the cdga 
A*j defined in Hypothesis 14.11 using the data Sj, Sj for all n = —1, —2,... from 
Hypothesis H.df al.lbl as N ^ —00. The data for n = —1, —2,... from part 
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(c) defines a morphism 5 = limAr^_oo '^n ■ —S’ ^j, where A* agree with 

S^v, Ajpf in degrees 0, —1,..., iV for all ^ 0. 

Hence H^(E) : -5> H^{A}) agrees with iJ"(SAr) : -5> 

H'^{A*j) for all n = 0, —1 ,..., A^+1, so is an isomorphism for all n ^ 0 by 

Hvpothesis l4.3f cl. and S : —5> is a quasi-isomorphism in cdga^., and hence 

an equivalence in cdga“. Thus Spec S : Spec A*j Spec A* is an equivalence 
in dSchc- So we can choose a quasi-inverse x ■ Spec A* —^ Spec A* in dSchc- 
Write L : A*j ^ A* for the inclusion. Then 4' = S o t : A* —^ A*, since 
'^n\a’ — so taking the limit iV —>■ — oo gives S|^. =4'. Also the definitions 
oi /3j B ^ Aj and ^jk ■ A^ —>• A* for 0 AT C J in Hypothesis H.lf bl.fdl 
satisfy j3j = lo^j and <^jk = i o ^jk- 

Define cxj = ckj o x '■ Spec A* —>■ X. Since &j is a Zariski open inclusion 
with image pl^gjlmcci, and x is an equivalence, otj : Spec A* —^ lA is a Zariski 
open inclusion with image Pligjlmctjj S'S in Hypothesis |4Ajg) . Then we have 

TT o OLj — no OLj OX — Spec 13 j o Spec 4> o 

~ Spec Pj o Spec t o Spec S o ~ Spec f3j o Spec l = Spec /3j, 

using (|4.3I) in the second step, 4^ = 5 o t in the third, Spec S, x quasi-inverse 
in the fourth, and = t o /3j in the fifth. Thus (13.21) homotopy commutes. 
Similarly, if 0 7^ AT C J then 

aj = OLJ ox — otK o Spec ^jk o Spec 4' o ^ 

~ ct.K o Spec $ jic o Spec t o Spec S o ~ ct.K o Spec ^jk 

using (lOl) in the second step, 4' = S o i in the third, and ^jk = t o ^jk and 
Spec S, X quasi-inverse in the fourth. Hence (13.31) homotopy commutes. 

This proves that Hypothesis 14.11 holds with k = I + 1, and completes the 
inductive step begun shortly after Remark Hence by induction, Hypothesis 
14.11 holds for all k = 1,2,..., so Hypothesis 14.11 holds for k = 00 . Theorem 
IQ follows, since all the conclusions of Theorem o:i),( ii) are either part of 
Hypothesis 14.11 or for A*., = A*, /3|q = Pi in part (i) were included 

in the first step of the induction. This completes the proof. 

5 Proof of Theorem 13.7 

5.1 Theorem I3.7l( ah (*) is an open condition 

Suppose X, u}*x, A*, a, V, E, F, s, t, ip are as in Definition 13.61 and suppose that 
17 C H is open, E~ is a real vector subbundle of E\u, and v £ s~^(0) fl U, 
such that the assumptions on E~\y in condition (*) hold at v. We must show 
that these assumptions also hold for all v' in an open neighbourhood of v in 
s“^(0)nl7. Suppose for a contradiction that this is false. Then we can choose a 
sequence s~^{0)r\U such that Vi ^ v as i ^ oo, and the assumptions 

on E~ |„. in (=i=) do not hold for any f = 1, 2,.... 
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By passing to a subsequence of we can assume that dimlmds|„^ and 

dimKeriji,^ are independent oi i = 1, 2,.... By trivializing E near v, we can 
regard (lmds|„J^^ and (Kert|„J“^ as sequences in complex Grassmannians, 
which are compact. Thus, passing to a subsequence of we can assume 

they converge, and there are complex vector subspaces Iv,Ky C such that 
Imds|^^ —>■ ly and Kert|„. —>• Ky as i —)• oo. 

As t o ds = 0 on s“^(0) we have Imds|t,^ C Kert|^., and so ly C Ky. Also 
Imds|« C since if tc G TyV we can find Wi G Ty.V with Wi ^ w as i ^ oo, 
and then ds|t,^(rci) —>■ ds|«(rc) as * —>■ oo. Similarly Ky C Kertjj,. 

We now have a quotient vector space (Kert|^)/(Imds|«), which as in (I3.2ip 
carries a nondegenerate quadratic form Qy. There are subspaces ly/ (Imds|«) C 
Ky/{lm.ds\y) C (Kert|„)/(Imds|„). Also, for each i = 1, 2,... we have quotient 
space (Kert|„J/(Imds|«J with quadratic forms Qy^. As * —>■ oo we have 

(Kert|„J/(Imds|«J —> Ky/Iy = [A:^/(Imds|^)] / [/„/(Imds|„)]. (5.1) 

One can prove using a representative loa’ for Q:*(a;5f) that 

/^/(Imds|t,) = {e G (Kert|„)/(Imds|.i,) : Qy{e,k) = 0 Vfc G Ar^/(Imds|.i,)}, 

that is, /«/(Imds|«) and Ari,/(Imds|«) are orthogonal subspaces w.r.t. Qy. 
Hence the restriction of Qy to Ar„/(Imds|«) is null along /^/(Imds|«), and de¬ 
scends to a nondegenerate quadratic form Qy on [Ar^/(Imds|«)]/[J.y/(Imds|«)] 
= Ky/Iy. Then under the limit (15.11) . we have Qy. Qy as i ^ oo. 

By (*) for {U,E~) at v, we have lm(ds|„) D E~\y = {0}, and the map 
n„ : E~\y n Ker(t|^) —>• (Ker<|j,)/(lmds|t,) in (13.241) has image ImH^ of half 
the total dimension, with Re Qy negative definite on Im H^,. Since Qy is zero on 
/„/(lmds|„), it follows that ImHt, O (/.i,/(lmds|.i,)) = {0}, and thus 


E-\ynIy = { 0 }. 


(5.2) 


Condition 13.231 that t\y{E~\y) = t\y{E\y), is equivalent to the equation 
E~\y Ker(t|i,) = in subspaces of E\y. As ImH^, is a maximal neg¬ 

ative definite subspace for ReQt, in (Kert|„)/(lmds|„), and Ar«/(lmds|^) is 
the orthogonal to a null subspace /.i,/(lmds|„) w.r.t. ReQ^, it follows that 
ImH.;, -I- Ar„/(lmds|„) = (Kert|„)/(lmds|„). Lifting to Kert|^ gives [E~\y n 
(Kert|^)] + Ky = Kertjj,. Thus the subspace E~\y + Ky in E\y contains E~\y 
and Ker<|„, so as E~\y -|-Ker(t|^) = E\y, we see that 


E It, -|- Ky — E\y. 


(5.3) 


Write n„ : E~\y fl Ar„ —>■ Ky/Iy for the natural projection. It is injec¬ 
tive by (15.21) . Using (I5.2I) - (I5.3I) and the facts that ImH,, has half the di¬ 
mension of (Ker<|t,)/(lmds|„), and dim[/„/(lmds|„)] -I- dim[Ar„/(lmds|t,)] = 
dim[(Ker<|t,)/(lmds|„)] as /„/(Imdsjt,), Art,/(lmds|„) are orthogonal subspaces, 
by a dimension count we find that ImHt, has half the total dimension of Ky/Iy. 
Also, since the quadratic form on Qy on Ky/Iy = [Ar„/(lmds|„)]/[Jt,/(lmds|„)] 
descends from the restriction of Qy to Art,/(lmds|„), and ImH,, descends from 
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Imlli, n [iir^/(Imds|„)], and ReQt; is negative definite on we see that 

Re Qy is negative definite on Im n„. 

As E~\y^ —>• E~\y and Imds|„^ —>• /„ as i —>• oo, we see from (15.21) that 

E~\y. n (Imds|„J = {0} for i ^ 0. (5-4) 

Since E~\y. —>■ E~\y and Kertju. —>• Ar„ as i —>• cx), we see from (15.31) that 
E~\y^ + Kert|„^ = E\y. for i0. But this is equivalent to 

t\vi{E~\y.) = t\y.{E\y.) tu F|for I > 0. (5.5) 

Using (I5.4I) - (I5.5L the same dimension count as above implies that Imll^. 
has half the dimension of (Kert|^J/(Imds|„J for i ^ 0. Under the limit (15.11) . 
we have Qy^ —>■ Qy and Imlf.;;^ —>■ Imri„. Thus, as Re(5.u is negative definite 
on Imll^, we see that ReQ^i is negative definite on Imn„^ for i ^ 0. Together 
with (I5.4I) " (I5.5L this shows that the assumptions on E~\y. in (=i=) hold for * S> 0, 
which contradicts the choice of sequence {vQ^i- This proves Theorem 13.Tf al. 

5.2 Theorem 13.71( b): extending pairs {U, E~) satisfying (*) 

Suppose X,tjj'^,A*,a,V,E,F,s,t,'tjj are as in Definition 13.61 and {U,E~) sat¬ 
isfying (*) is as in Definition 13.61 and C C U is closed with C QU. Our goal is 
to construct {U, E~) satisfying {*) for V,E,... with C U s“^(0) QU QV, such 
that E~\iji = E~\u' for U' an open neighbourhood of C in U (d U. 

Using the notation of H3.21 is a finite type closed C-subscheme of 

and the maps v i—>■ dimKerdsj^, v i—dimKertjt, are upper semicontinu- 
ous, algebraically constructible functions —>■ N, noting that t\y is in¬ 
dependent of choices for v G Therefore by some standard facts about 

constructible sets in algebraic geometry, we can choose a stratification of Zariski 
topological spaces where A is a finite indexing set, and 

1U„*® is a smooth, connected, locally closed C-subscheme of C for 

each a G A, with closure in a finite union of strata Wb, such that 

V I—dimKerds|« and v i-G dimKertjt, are both constant functions on 

Writing Wa C s“^(0) C V for the set of C-points of each Wa is 

a connected, locally closed complex submanifold of V lying in s“^(0), with 
closure Wa a finite union of submanifolds Wb, such that s“^(0) = Ua^A^a- 
On each lUo, the maps v i—>■ dimKerdsj^ and v i—>■ dim Kerf are constant. 
This implies that Kerdsjwa is a holomorphic vector subbundle of TU|vi/„, and 
Imds|wa ^ holomorphic vector subbundle of and Kertju/^ a holomorphic 

vector subbundle of F| , and Im t| a holomorphic vector subbundle of F|vi/„. 
We have Imds|wa ^ Kertjvy^ C E\wa as t o ds = 0 on s“^(0). 

Thus we have a holomorphic vector bundle (Kert|wa)/(Iinds|w„) over Wa, 
whose fibre at u G lUa is identified with i?^(TxU) for x = 'ip{v) by (13.9|) . As 
in (1^ we have a quadratic form Qx on H^(Tx\x), and as in (13.211) Qy is the 
quadratic form on (Kert|w,,)/(Imds|wa)|D identified with Q^ by (13.91) . One can 
prove using a representative uia' for khat Qy depends holomorphically 
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on z) G Wa- Hence Qy = Qa\v for Qa G i7°(S'^[(Kert|vy^)/(Imds|n/^)]*), a non¬ 
degenerate holomorphic quadratic form on the fibres of (Ker<|i 4 /„)/(Imds|vy„)- 

The idea of the proof is to choose E~ near Wa by induction on increasing 
dimfTa, starting with a € A with dimlTa = 0, then dimlTa = 1, and so on. 
Since AmviWa \ Wa) < dim Wa, we see that Wa \ Wa is a finite union of Wh with 
dim Wb < dim Wa, so when we choose E~ near Wa we will already have chosen 
E~ near Wa \ Wa, and the extension over Wa should be compatible with this. 

Our inductive hypothesis (f)m for m = 0,1, 2,... is: 

(t)m For all a G H with dim Wa < m we have chosen a pair ({7a, E~) satisfying 
{*) for V,E,F,s,t, ■ ■ ■ with Wa ^ Ua Q V, such that there is an open 
neighbourhood {7a of C O {7a in 17 O Ua with E~\ij^ = Ea\ua , ^nd if 6 G H 
with Wb C Wa \ Wa (which implies that dimWb < dimWa ^ m, so 
{iyb,E^) is defined), then there is an open neighbourhood Uab of Wb in 
Ub such that E~\u^nUa.b = ^b\u^nu„,b- 

First consider how to choose {Ua,E~) satisfying {*) with Wa Q Ua Q V for 
a G A with no compatibility conditions, either with {U,E~) near C, or with 
({7b, Ej^) for Wb C Wa \ Wa. We can do this as follows: 

(i) Choose a real vector subbundle Ea of (Kert|w„)/(Inids|w„), whose real 
rank is half the real rank of (Ker{|vy^)/(Imds|wa), such that ReQa is 
negative definite on Ea- 

(ii) Lift Ea to a real vector subbundle Ea of Kert\wa- That is, the projection 
Kertlwa (Ker{|wa)/(Inids|rv^) induces an isomorphism Ea ^ Ea- 

(iii) Choose a real vector subbundle Ea of i7|w„ with E\\Ya = Ea® Kertjvy^. 

(iv) Set E~\\Ya = Ea ® Ea- Then E~\w^ is a real vector subbundle of i7|rv„, 
and the assumptions on Ea\v in condition (*) in H3.31 hold for all v G Wa- 

(v) Choose any real vector subbundle E~ oi E\jj on a small open neighbour¬ 
hood Ua of Wa in V, extending the given Ea\wa = Ea® 'Ea on Wa. 

Observe that by Theorem I3.7f al. proved in H5.ll condition (=i=) holds for 
E~ on an open neighbourhood of Wa- So by making Ua smaller, we can 
suppose {Ua,E~) satisfies (*). 

All of these are possible. Any {Ua,E~) satisfying (*) with Wa QUa®V arises 
from steps (i)-(v) (though Ea in (iii) is not uniquely determined by Ea)- Fur¬ 
thermore (taking germs in (v)), the space of choices in each step is contractible. 

Now suppose m = 0,1,..., and ():)m-i holds if m > 0, and a G A with 
dimWa = m. To choose (Ua,E~) with the compatibility conditions required in 
(Dm, we follow (i)-(v), but modified as follows. In step (i), we choose Ea with 

^‘’■\wanUa ~ FI Ker{)|^^PiP^)-|-(Imds|^^PiP^)]/(lmds|^^Piy^), (5.6) 

for some small open neighbourhood {7a of C fl Wa in U, and if 5 G A with 
Wb c Wa \ Wa then 

^<>-\wa,nUab ~ F Ker7|^^^jj^^))-|-(Imds|^^py^^)]/(5.7) 
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for some small open neighbourhood Uab of Wb in Ub- 

To see this is possible, first note that the first part of (|)m-i with b in place of 
a implies that equations (EH) and EH are compatible, that is they prescribe the 
same value for Ea on Wa H [/„ H Uab, provided the open neighbourhoods Ua, Uab 
are small enough. Also given distinct b,b' € A with Wb, Wb' C Wa \ Wa, either 
(a) Wb' cWb\ Wb, or (b) Wb C Wb' \ Wb' , or (c) Wb ClWb' = Wb n Wb' = 0. In 
cases (a),(b) we can use the second part of (t)m-i to show that (15.71) for b, b' are 
compatible provided Uab, Uab' are small enough, and in case (c) we can choose 
Uab, Uab' with Uab H Uab' = 0, SO Compatibility is trivial. 

Thus, if Ua and Uab for all b are small enough then (15.61) and (15.71) for all 
b are compatible, and can be combined into a single equation prescribing Ea 
on Wa := Wa (d {Ua U Ub^ab)- We then have to extend Ea from Wa to Wa, 
satisfying the required conditions. This may not be possible: if we have chosen 
E~ or E^ badly near the ‘edge’ of Wa in Wa, then the prescribed values of Ea 

may not extend continuously to the closure Wa of Wa in Wa- However, we can 
deal with this problem by shrinking all the Ua, Uab, such that the closure Wa of 
the new Wa lies inside the old Wa- Then it is guaranteed that the prescribed 
value of Ea on Wa extends smoothly to an open neighbourhood of Wa in Wa, 
so we can choose Ea on Wa satisfying all the required conditions (I5.6I) - (I5.7|) . 

In a similar way, for each of steps (ii)-(v) we can show that making the open 
neighbourhoods Ua, Uab smaller if necessary, we can make choices consistent with 
the compatibility conditions on {Ua,E~) in (|)m- So by induction, (|)m holds 
for all m = 0, 1, _Fix data {Ua, E~),Ua, Uab satisfying (f)^ for m = dim V. 

Next, choose open neighbourhoods U' of C in U C V and Ua of Wa in IJa 
for each a € A, such that U' CiUa Q Ua for a £ A, and UafiUb Q Uab if a,b £ A 
with Wb C Wa \ Wa, and UafiUb = ^ if ci,b £ A with Wa r\Wb = Wa D Wb = 0. 
This is possible provided U' and Ua for a G A are all small enough. 

Define U = D'UlJ^g^ Ua, which is an open neighbourhood of CUlJ^g^ Wa = 
C U s“^(0) in V. Define a vector subbundle E~ of E\ij by E~\u' = E~\u' and 
E~\ij^ = E~\ij^ for a £ A. These values are consistent on overlaps U' fl Ua and 
Ua n Ub by construction, so E~ is well-defined. Also {U, E~) satisfies (*), since 
([/, E~) and the {Ua, E~) do, and U' is an open neighbourhood of C in 17 n C/ 
with E~\ij' = E~\ui by definition. This proves Theorem 13.7f bl. 

5.3 Theorem 13.71( c): s“^(0) = (s+)“^(0) locally in U 

In (13.41 we explained how to pullback pairs {Uk,E~^) satisfying {*) along a 
quasi-free ^jk ■ A*. We can also pushforward {Uj,EJ) along ^jk- 

Definition 5.1. Let X, n, : A^ —A} and Vj,Ej,... ,X-JK,^jk be 
as in Definition 13.101 and suppose {Uj,EJ) satisfies (*) for A*j. Our goal is to 
construct {Uk,E~^) satisfying {*) for A^, with V’j(sj^(0) D I/j) = (0) D 

Uk) C Aan, and if {Uj,EJ),{Uk,E]^) also satisfy (f), a coordinate change of 
Kuranishi neighbourhoods, as in (12.51 

{UK,eKj,VKj) : {UK,E+,s+,i^+) {Uj,Ej,s+,^j). ( 5 . 8 ) 
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Let vj G Sj^(O) n Uj with (j)jK{vj) = vk & C Vk and iij{vj) = 

'4>k{vk) = X £ Xan- We claim that we can choose splittings of real vector spaces 


Ty,Vj = © T'^Vj, Ej\,j = Ej\,, © E'j\,j © 

\vj ~ \'VJ ® ^j\vj ) Pj\vj — Pj\vj ® Pj \vj ® Ej \yj, 
fitting into a commutative diagram of the form 


0 

0 



(5.10) 
0 o) 


To prove this, note that the rows of (15.101) are Tspec A* kj, Tspec |dk , and 
are complexes, and the lower columns are induced by are surjective as 

$./ic is quasi-free, and induce isomorphisms on cohomology as in (13.21 Then: 

(i) Define = Ker d())jK|„_,. 

(ii) Choose arbitrary TyjVj with T^jVj = TyjVj © Ty^Vj. Then TyjVj = 
Tvk^k as d^jic is surjective. 

(iii) Define E'j\yj = dsj\yj\TyjVj]. Then E'j\yj = Ty^Vj as the columns of 
(15.101) are isomorphisms in cohomology, and E'j\yj C KeY{xJK\vj) as the 
left hand square of (|5.10p commutes. 

(iv) Choose E'^\yj with Ker(xjif |„^) = E'j\yj © E'^\yj. 

(v) Since the columns of (I5.10p are isomorphisms on cohomology, tj\yj is 
injective on E'}\yj. Define F'J\yj = tj\yj[E'}\yj]. Th en E^ \yj ^ E'j\yj. 
Also Fj\yj C Ker^ jk\vj, as the right hand square of l|5.10p commutes. 

(vi) Choose E'f\yj with Kei^jxUj = Fj\vj © F'j'\yj. 

(vii) Since the columns of (15.101) are isomorphisms on cohomology, we have 

Fj \vj = tj\vj [Ej\yj © Ej\yj\ = tj\yj [KeCXj/f |„j] 

= KerOifkj nlmtj|i,j = {Fj\yj ® Fj'\yj) iMmtj\yj. 

Thus we may choose Fj\yj with Fj\yj = Fj\yj (B Fj\yj © and 

lmtj|„_, C Fj\yj (BFj\yj. So the third row of tj\yj in (j5.inp is zero. Also 
Fj\vj = Fk\vk by (vi) as Oif is surjective. 
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(viii) Set Ej\yj = Ej \vj^tj\^}{Fj\yj). We claim xjk\vj is injective on Ej\yj. 
To see this, note that we have an exact sequence 

0 s- Ej \yj n Ker tj\yj 9 - Ej 9 - tj\yj [Ej H Fj\yj 9 - 0, 

as Kert,/|„j C tj\~j{Fj\yj). The last part of (*) implies that Xjk\vj maps 
EJ\yj nKertj|„j injectively into Kertif|„^. Also ^jk\vj is injective on 
Fj\yj, and the right square of (15.101) commutes, so the claim follows. 

(ix) Choose Ej\vj C Ej\yj such that EJ\vj C Ej\yj and Ej\yj = Ej\vj ® 

Ker(xjif|„j) = Ej\vj © E'j\yj © by (iv) and tj\yj[Ej\yj] C Fj\yj. 

This is possible as Xjk\vj is injective on EJ\yj, and using (v),(vii) and 
(viii). Then Ej\vj = EkIvk as xjk is surjective. 

(x) Choose A"such that Ej\yj = Ej\yj®E'J\yj and tC F^\yj. 
This is possible by (viii) and Imtj|„j C Fj\yj (BFj\yj. 

As tj\yj{Ej\yj) = tj\yj{Ej\yj) hj P.23P UUd F'J\yj = t j\y j [E'j\y j] , WB 

see that tj\vj[Ej\vj] = Ej\yj. Also tj\yj : Ej\vj —t Fj\yj is injective, as 
^ by (viii). Hence E'j\yj ^ 

We can do all this, not just at one vj G sJ^(O) D Uj, but in an open neigh¬ 
bourhood Uj of Sj^(O) n Uj in Ej. That is, we can choose Ej, and splittings 

TVjiu:, = TVjeT'Vj, EjIu^ =EjeE:,eE'Jiy,, 

FJIu,= Eje A". EjIu, =Eje F'J © F'f, 

with EJ C Aj, such that (I5.10p holds at each vj G Sj^(O) l~l Ej. To see this, 
note that the argument above can be carried out on Sj^(O) D Ej regarded as a 
C'^-subscheme of Hj, in the sense of C'°°-algebraic geometry in and the 
splittings (15.111) with EJ C Ej can then be extended from Sj^(O) n Ej to an 
open neighbourhood Ej. Making Ej smaller, we can suppose the component of 
Xjk mapping Ej -x (j)jK\ij' (Ek) is an isomorphism. We can also choose the 

splittings so that away from Sj^(O) (~l Ej, tj\u'j has the form 

( * =*= 0 \ 

, * :Ej\y,(BE'j®E';^Fj(BFj(BEj\ (5.12) 

* * 0 J 

Write sj\u'j = sj © sj © s", for sj G C°°[Ej), sj S C°°{E'j) and s” S 
C°°{Ej). Then (I5.12p and tj o sj = Q imply that s" = 0. From (15.101) we 
see that at each vj G Sj^(O) n Ej, dsj|i,j : TyjVj -X Ej\yj is surjective, 
and d(j)jK\vj '■ Ker(dsj|„j) —>■ Ty^VK is an isomorphism. Hence sJ is trans¬ 
verse near uj, so that (sj)“^(0) is an embedded submanifold of Vj near vj 
with tangent space Ker(dsj|„j) at uj, and 4>jk\{s'j)-^{o) • ('Sj)~^( 0 ) 
is a local diffeomorphism near vj. Thus, making E'j smaller, we can suppose 
that s'j is transverse on E'j, so that (sj)“^(0) is an embedded submanifold 
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of Uj, and |(s'j)-i(o) ^ (sj) ^(0) —>■ Vr: is a local diffeomorphism. But 
(j)jK is injective on Sj^(O) fl Uj, so making Uj smaller, we can also suppose 
that I(s'j)- 1 ( 0 ) is a diffeomorphism with an open set Uk in Vk, with in¬ 

verse 6k j ■■ Uk ^ (sj)“^(0) QUj C Uj. 

We now have a vector bundle 9*i^j{Ej) over Uk, and vector subbundles 

j ^j)_with 9*j^j{Ej)^ = 9*j^j{Ej)®9*j^j{E'j)®9*j^j{E'j), 

^Kji^j ) = ^Kji^j ) ® and 9*j^j{Ej ) C 9’^j{Ej). Since (j>jK o9kj = 

'id-Uii, pulling back xjk '■ Ej 4’jKi^K) by 9k j gives a surjective vector 
bundle morphism 9*j^j{xjk) '■ ^*kj{^j) Ek\uk, where 9’^j{xjk) restricts to 
an isomorphism 9*i^j{Ej) —>■ Ek- We also have a section of 

whose components in 9kj{Ej),9’^j{Ej),9kj{Ej) are 0^j(sj),O, 0. Applying 
S*Kj to (13.141) and using Ej C Ker shows that 

(^*KjiXJK)[9*Kj{sj)] = 9*kj{xjk)[9*kj{sj)] = sk\uk- (5.13) 

Define a vector subbundle E^ C Ek\uk ^k — ^*kj{xjk)[9*kj{Ej)]. 
This is valid as 9*kj{xjk) is an isomorphism on 

9*^j{Ej). We claim that {Uk,E]^) satisfies condition {*). To see this, let 
Vk G s)^^(O) (~l Uk, and set vj = 9 kj{vk)- Then vj € Sj^(O) (d Uj with 
4’Jk{vj) = Vk, so (I5.9I) - (I5.10I) hold, with the columns of (15.101) isomorphisms 
on cohomology. From this and (*) for {Uj,EJ) at vj, we can deduce (*) for 
{Uk, E]^) at Vk- 

Writing E'^ = Ej\uj/Ej, Sj = sj + EJ € C°°{Ej), and similarly for 
Ek, s'k, define a vector bundle morphism t^kj '■ E^ ^kj{^j) f’Y 

Vkj ■ eK + Ej I—^ SKj{xjK)\j}^f^^^^[eK] + Skj{EJ). 

This is well-defined as 9J^j{xjk)\0» [Ej) ■ is an isomorphism, 

with inverse : Ek ^ 9*j^j{Ej), which maps EJ 0Jj{Ej) 

C 9*kj{EJ) by definition of EJ.. Also (15.1311 implies that = 9Jj{s'^j). 

Using (15.1011 we can also show that the analogue of (12.81) for 9k j, Vkj at vk is 
exact. Therefore, if {Uj, EJ), {Uk, EJ) also satisfy (f), then {Uk, 9kj, Vkj) in 
(15.81) is a coordinate change. This completes Definition 15.11 

We now prove Theorem Eire). Suppose X,ujJ, A*,a,V, E, F, s,t,ip and 
{U,E~) satisfying (*) are as in Definition 13.61 Then X' := a(SpecA*) C X 
is an affine derived C-subscheme of X. Let v € s“^(0) ("I U, and set x = 
'4>{v) G Aan- Write (A*,q:i) = (A*, a), Vi = V, Ei = E, vi = v and so 
on. Applying Theorem 12.101 to (A'',w^|x') at x gives a pair (A*,^^*) in —2- 
Darboux form and a Zariski open inclusion 0:2 '■ Spec A* ^ X' C X which is 
minimal at cc G ImQ :2 with 0 : 2 (w^) — ‘j-’a’- Section [3.21 applied to A 2 ,Q !2 gives 
V 2 , E 2 , S 2 , -Set V 2 = i’J^{x) G s^^(O) C U 2 . 

Applying Theorem 13.11 to the derived C-scheme X' with I = {1,2} and 
initial data {(A{,ai), (A*, 0 : 2 )} gives (A{ 2 ,ai 2 ) with image ImQ:i 2 = Imai ("I 
ImQ :2 and quasi-free morphisms $ 12,1 : A{ —)> A{ 2 , $ 12,2 : A* A {2 such 
that ()3.3|1 homotopy commutes in dSchc. Section 13.21 applied to A {2 gives 
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Vi 2 ,Ei 2 , Si 2 ,..., and to $ 12 , 1 , ^ 12,2 gives (j)i 2 ,i '■ V 12 Vi = V, Xi 2 ,i) Ci 2 ,i and 
</>i 2,2 : V 12 —>■ V 2 , Xi 2 , 2 ,^i 2 , 2 , simplifying notation a little. Set V 12 = ^r 2 ^(x) G 
sr 2 ^( 0 ) C V 12 , so that (/i'i 2 ,i(t'i 2 ) = vi and 012 , 2 ( 1 ^ 12 ) = '^ 2 - 

We have {U,E~) satisfying (*) for A*, ai, Vi, £ii, si,_Thus by Lemma 

13.121 we can choose {U 12 , satisfying (*) for V 12 , £' 12 , S 12 , ■ • ■ and compatible 
with {U,E~) under 0 i 2 ,i,Xi 2 ,i in the sense of ^13.41 such that U 12 G sr 2 ^( 0 ) n 
^i 2 .iiU) — U 12 C V 12 . Also H 3.4 1 defines x^ 2 .i such that if ([/, E~) and (t 7 i 2 , 
satisfy (f) (we do not assume this), then 

(t/l2,012,lki.,X^2,l) : (C/l 2 ,£i+ 2 ,S^ 2 ,V’^ 2 ) ^ {U,E+,S+,^+) 

is a coordinate change of Kuranishi neighbourhoods, as in Corollary 13.Ill 

Now apply Definition [O] to pushforward (£ 12 , £( 2 ) in V 12 , £ 12 , S 12 ,... along 
012 . 2 ,Xi 2 . 2 ,Ci 2 . 2 - This yields (£ 2 ,£ 2 ") satisfying (*) for C 2 ,£ 2 ,S 2 ,... with 
012 , 2 (sj" 2 ^( 0 ) n U 12 ) C £2 C V 2 , so in particular V 2 G £ 2 , and data 6 > 2 ,i 2 ,? 72 ,i 2 
such that if (£ 2 ,£^) and (£ 12 , £j^) satisfy (f) (we do not assume this), then 

(£2,^2.12,772,12) : (£ 2 ,£ 2 +,sJ, 02 +) ^ (£i 2 ,£i+ 2 ,s^ 2 , 0 '^ 2 ) ( 5 - 14 ) 

is a coordinate change of Kuranishi neighbourhoods, as in (|5.8|) . 

Since (A*, ) is in —2-Darboux form and minimal at a;, Exampleproves 

that there exists an open neighbourhood £2 of V 2 in £2 such that s^^(O) fl £3 = 
(s^)“^(0) n £ 2 . Then (£ 2 ,£ 2 'Ig 2 ) satisfies (f). The construction in Definition 
15.II implies that 02,12 identifies s^^(O) near V 2 with sj" 2 ^( 0 ) near U 12 , and identifies 
(s^)“^( 0 ) near V 2 with (s)* 2 )~^(*^) near U 12 (the second follows from the fact that 
the analogue of (12.81) for 02,12, 772,12 at U 2 ,ui 2 is exact, so (15.141) is a coordinate 
change of Kuranishi neighbourhoods near 772 , 7712 )- Since S2^(0) = (sj)~^(0) 
near 772 , it follows that sj"2^(0) = (si2)~^(0) near 7712 . That is, there exists an 
open neighbourhood £{2 of 7712 in £12 such that ■*12 ( 0 )bl£i 2 — (- 812 ) ^( 0 )n£{ 2 - 
Similarly, 0i2,i identifies s)"2^(0) near 7712 with s“^(0) near 77 , and identifies 
(■ 812 )”^ ( 0 ) ^12 with (s+)“^ ( 0 ) near 77, so there exists an open neighbourhood 

£(, of 77 in £ such that s“^(0) D £^ = (s+)“^(0) D £(,. This holds for all 
77 G s“^(0) n £. Define £' = U«es-i(o) Then £' is an open neighbourhood 
of s“^(0) n £ in £, and s“^(0) D £' = (s+)“^(0) D £'. Theorem 13.Tl cl follows. 

6 Proofs of some auxiliary results 

Next we prove Propositions 13.13113.141 and 13.171 

6.1 Proof of Proposition [3.131 

Let £ be a paracompact, Hausdorff topological space and {Ri : 7 G /} an 
open cover of Z. By paracompactness we can choose a locally finite refinement 
{S'i : i G /}. That is, S'i C C £ is open with Si = £, and each z £ Z 
has an open z G Uz Q Z with Uz H Si ^ 0 for only finitely many i G I. 
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By a standard result in topology known as the Shrinking Lemma, we can 
choose open sets T/ C Z with closures T] C Z for i G I such that T/ CTj C Si 
ior i G I and Uie/ ~ next part of the proof broadly follows that 

of McDuff and Wehrheim Lem. 7.1.7], who prove a similar result with Z 
compact and / finite. By induction on /c = 2,3,..., choose open C Z with 

Ti <^T] QTI GTf QT\ G ■ ■ ■ C Si C Z (6.1) 

for i G I. Here to choose we note that Z is normal as it is paracompact and 
Hausdorff, so we can choose open U C Z with C Z \Si C U and 
T^^nU = 9. Then C Z \ U C Si, and Z \ U is closed, so C Si. 

Now for each finite % ^ J G I, define a closed subset Cj G Z hy 

= (6-2) 

Then part (i) of the proposition follows from G Sj C Rj for j G J hy (16.11) . 
and (ii) from {Si : i G 1} locally finite with Cj G For (iii), suppose 

% ^ J,K G I are finite with J % K and K J. Without loss of generality, 
suppose IJ| ^ \K\. Then there exists j G J\K, and (16.21) gives Cj C and 

CkGZ\ which forces Cj n C/f = 0 as G by (IHH) . 

For part (iv), ii z G Z, define 

~ U,7 C I finite, z G flje j T^'' 

Then Jz is finite as i S /} is locally finite, so z S Sj for only finitely 

many j G /, and Jz is nonempty as {T/ : i G 1} covers Z, so z G Tl C Tf for 
some i G I, and J = {i} is a possible set in the union (16.3p . If j G Jz then 
j G J for some J in the union (16.3L so that z G C as |J| < |Jz|. If 
i G I \ Jz then z ^ Plj-GJ^uti} , as Jz U {*} is not one of the sets J in 

(|6.3I) . but z G n^GJ, , so z ^ rp\Jd+i ^ Hence z G Cj^ by (16.2L and part 

(iv) follows. This completes the proof of Proposition [3T3l 

6.2 Proof of Proposition 13.141 

We work in the situation of il3.5l iust after Remark 13.281 so that we have data 
l^an,l, Vj,Ej,sj,ipj and Cj G Rj = fliGJ-^* - J G A, and 

4>JKtXjk for all J,K G A with K G J. We will first prove the following 
inductive hypothesis (+)m, by induction on m = 1, 2 ,... : 

(+)m For all J G 4 with |J| < m, we can choose {Uj,E^) satisfying condition 
{*) for A*j,Vj,Ej,Fj,sj,tj,ij;j,..., such that GUj G Vj, and 

ii J,K G A with K G J and 0 < |iF| < jJj ^ m then there exists 
open UjK G Uj with (b Ck) Q Uj^ such that {tjjK,Ej\uj^) is 

compatible with {Uk,E]{-), in the sense of 113.41 That is, (I)Jk{Ujk) G 
Uk G Vk and Xjk\ujk{^^\ujk) ^ ^Jk\}j ^G cj) jK\*jj^^{E k)■ 
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For the first step, to prove (+)i, for all J = {i} with i G I we choose (Uj, EJ) 
for A*j,Vj,Ej,... satisfying (*) with s7^(^) — ^ by 

applying Theorem [XT^b) with C = U = %. The second part of (+)i is trivial, 
as there are no J, K G A with 0 < \K\ < | J| ^ 1. 

For the inductive step, suppose (+)m-i holds for some m > 1. We will 
prove (+)m. Using the existing choices of {IJj,EJ) and Ujk for J,K G A with 
|J|, \K\ < m from (+)m-i, it remains to choose {IJj,Ej) when |J| = m, and 
Ujk when 0 < li^l < | J| = to. So fix J C / with | J| = to. 

Then (+)m_i gives {Uk,E]^) satisfying (*) for all 0 ^ iF C J. Using 
the notation of Lemma r3.12l set Ujj^ = 4 >jk{Uk) C Uj, and define Eji^ = 
XjkITjI (U^), a vector subbundle of i5jU/ . Then is an open neighbour- 

OjK _ JK 

hood of tpj^iCK) in Vj, by (13.161) . 

If0 y^LCiircj then by (+)m-i there exists open IJkl U IJk with 
(d Cl) C Ukl such that 4>kl{Ukl) Q Ul and Xkl\(j^^{E]^) C 
^kl\\j^l^EI) C (t)KL\}j^^{EL)- Pulling back by T-jk, applying xjk, and using 
the last part of Corollary 13.51 hi then shows that we have an open neighbourhood 
Ujkl = ^jkO^kl) of ^j^{Ck n Cl) in U'j^ (~l ^ such that 




CEj\, 


As in Lemma [3.121 choose vector subbundles Ejj^ C with = 

E'jk © Ejj^ on Ujj( for all 0 7 ^ AT C J. Choose a connection V on Ej. As in 
Lemma [3.12l for all 0 7 ^ AT C J, E'j'j^ ■= (Vsj)[Kerd0jif] is a vector subbundle 
of Ej near s7^(0) in Vj. Making the open neighbourhoods Ujk^ smaller, 

we can suppose Ej'j^ is a vector subbundle of . li%^LCKGJGI 

then KerdT*jif © KerdT'jL, as = (jiKL ° 'pJKi and so 




C EjU, 


Next, by reverse induction on Z = to — 1, to — 2,..., 1, we will prove the 
following inductive hypothesis {'x)jj- 

(x)j./ For all 0 7 ^ A C J with I ^ \L\ we can choose an open neighbourhood Ujl 
of in Ujl and a vector subbundle EJ^ of E'j^\jjj^ such that 


Ej 


- ^JL ® ^JL 


'^J\UjL = ^rr. Wn/.7-r,|r>„ ©A 7 

or equivalently, identifying Ejj^ with Ej/E'jj^ on Ujl-, 

E'jlIuj, = Ejl © [{E'^l © EyL)lE'^L\ Id..’ 


(6.4) 


(6.5) 


and such that \i % ^ L G K G J with Z ^ |A| < |Ar| then there ex¬ 
ists an open neighbourhood Ujkl of tjjj^{Cj H Ck G Cl) in Ujk GUjl 
with = Ejj^ljj^^^. 
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For the first step Z = m — 1, for each L C J with \L\ = m — 1 we take 
UjL = UjL and take to be an arbitrary complement to [{Ej^ ®E'y^)/E'j^] 
in as in (16.51) . which implies (16.41) . The second part of (x)yj„-i is 

trivial as there are no K, L with m — 1 ^ |L| < \K\ < | J| = m. 

For the inductive step, suppose (x)y;+i holds for some 1 < Z < to —1, and fix 
L C J with \L\ = 1. Choose open neighbourhoods Ujkl of 'tpJ^{Cj (H Ck (~l Cl) 
in Vj for all L C if C J with the properties that: 

(a) Ujkl Q Ujk C Ujl, where Ujk is already chosen by (x)yi+i. 

(b) li L U Ki,K2 ^ J with Ki C and C Ki then UjkiL H Ujk^l = 0- 

(c) If L C ^^2 C iFi C J then UjkiL H IIjk 2 L C UjkiK 2 , where UjkiK 2 is 
already chosen by (x)y;+i. 

This is possible, using Proposition 13. 13l iiil to ensure (b). 

Next, we have to choose an open neighbourhood Z7 jl of (d Cl) in 

C/jL and a vector subbundle EJ^ of satisfying (I6.4D - (I6.5I) . such that 

for all K with L C K C J we have Ujkl C Ujl and E^l\ujkl = ^^k\ujkl- 

First note from Lemma 13.121 that (I6.4I) "- (I6.5|) near '0J^(Cj (~l Cl) are equiva¬ 
lent to {Ujl,Ejj^) near {Cj Pt Cl) satisfying (^k) and being compatible with 

(Z7l, El). By (x)yi+i we already know that near V’7^(Cj(nCL) sat¬ 
isfies {*) and is compatible with {Uk,EI), so is compatible with 

{Ul,EI) near n Cl) as {Uk,EI) is compatible with {Ul,EI) by 

(-l-)m-i. Therefore the prescribed value for E^^ on IJjkl satis- 

hes (I6.4D - (I6.5I) near tpl^{Cj (H Cl), and making IJjkl smaller, we can suppose 
E^kIujkl satisfies (I6.4I) - (I6.5I) on Ujkl- This proves that (I6.4I) - (I6.5I) are com¬ 
patible with the conditions for all 0 L C iF C J. 

Next, observe that the prescribed values for EJ^ on Ujkl for 

different Ki.K^ with L C Ki, K 2 C J agree on overlaps UjkiL D Ujk 2 L- This 
follows from (b),(c) above and ^ ^ , which holds by 

(x)y/_i_i. Therefore the last part of {'x)jj can be rewritten to say that we have 
one prescribed value for E^j^ on the subset Ujl '■= UiC LCiccj CjiCL, which 
satisfies (I6.4p -- (l6.5p on Ujl- 

So, we are given a prescribed value of on an open set Ujl C Vj satisfying 
(1631) . and we have to extend it to a larger open set Ujl C Vj containing both 
Ujl and (~l Ck H Cl). This may not be possible: if we have chosen 

previous CJ^’s badly near the ‘edge’ of Ujl in Vj, then the prescribed values 

of may not extend continuously to the closure Ujl of Ujl in Vj, and in 
particular, may not extend continuously over points in ["07^(Cj Id Ck Id Cl)] d 

\Ujl\Ujl\- However, we can deal with this problem by shrinking all the Ujkl's, 
such that the closure Z7jl of the new Ujl lies inside the old Ujl- Then it is 
guaranteed that the prescribed value of EJ^ on Ujl extends smoothly to an 
open neighbourhood of Ujl in Vj, so we can choose {Ujl,E~1^) satisfying all 
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the required conditions. As this holds for all L C J with \L\ = I, this completes 
the inductive step, and (x)j,i holds for all! = m — 1 , m — 2 ,..., 1 . 

Fix data Ujl,EJ^,Ujkl as in (x)j^i. For all 0 ^ AT C J, choose open 
neighbourhoods tjjK of fl Ck) in Ujk such that if Ki C K 2 and 

K 2 C Ki then IJjki jk 2 — 0 ^ and if 0 ^LCA'CJ then IJjk^Ujl Q Ujkl- 
This is possible provided the tJjK are small enough, using Proposition 13. Idf iiil 
to ensure Ujki H Ujk^ = 0 - 

Define Uj = JK- It is an open neighbourhood of the closed 

set Cj in Vj, where Cj = V’7^(Cj n Ck) in Vj. Define a vector 

subbundle Ej of Ej\^^ by for all 0 7 ^ AT C J. These 

prescribed values for different Ki,K 2 are compatible on the overlap Ujki nf/jxa 
by construction, so EJ is well-defined. 

Now apply Theorem 13.7l bl to A', Vj, Ej, sj,..., with closed set Cj C Vj 
and pair {Uj,EJ) satisfying (= 1 =) with Cj C Uj. This shows that there exists 
(Dj, Ej) satisfying (*) for A* , Vj, Ej, sj,..., and an open neighbourhood IJj 
of Cj in Uj n C/j such that = EJ\jyy For all 0 7 ^ AT C J, set Ujk = 

Uj n Ujk- Then Ujk is an open neighbourhood of ipJ^{Cj fl Ck) in Vj, 
and which is compatible with (Uk,EJ) by 

definition. This completes the proof of the inductive step of {+)m- So by 
induction, (+)m holds for all m = 1 , 2 ,.... 

Fix data {Uj,EJ) for all J € A and Ujk for all J,K £ A with AT C J 
as in (-l-)m as m —>• 00 (or m = |/| if I is finite). For all J £ A, choose 
open neighbourhoods Uj of ipJ^iCj) in Uj, such that setting EJ = EJ\uj and 
Sj = ■i/'j(sj^(0) n Uj), so that Sj is an open neighbourhood of Cj in Aan, then 
{Uj,EJ) satisfies condition (f), and for all J,K £ A, \i J % K and K % J 
then Sj fl Sk = 0, and if AT C J then ipJ^^Sj fl Sk) C Ujk- If AT C J, we 
define Ujk = Ujk n Uj U (j)j]^{U k) - Then sJ^O) n Ujk = n Sk), and 

{Ujk,EJ\ijj^) is compatible with {Uk,EJ). 

To see that we can choose Uj for all J S A satisfying all these conditions, 
note that by Theorem E31: c), if Uj is small enough then (C/j, Ej ) satisfies (f), 
as (t/j, EJ) satisfies (*). li J K and K % J then Proposition ^.Idl in') implies 
that Sj n Sk = 0 provided both Uj,Uk are sufficiently small. Similarly, if 
K C J then iIjJ^{Sj D Sk) C IJjk holds provided both Uj, Uk are sufficiently 
small. Now if / is infinite, it is possible that an individual set Uj may have 
to satisfy infinitely many smallness conditions, for compatibility with infinitely 
many sets $ ^ K £ I. However, the local finiteness condition Proposition 
I3.13f iil means that in an open neighbourhood of any vj £ ijjJ^^Cj), only finitely 
many smallness conditions on Uj are relevant, so we can solve them. This 
completes the proof of Proposition 13.141 

6.3 Proof of Proposition 13.171 

Let (X,w^),Xan, and Xdm be as in Theorems 13.151 and 13.161 and use the 
notation of )13.5I First we relate orientations on (X, uj^) and Xdm at one point 
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X G Xan- Pick J £ A with x £ Sj = Imipj. From (12.71) and (12.91) we have 

{orientations on {X,ujx) at x} = {C-orientations on (i7^(TxU), Qx)}, (6.6) 
{orientations on Xdm at a;} = {orientations on r*Xdm©Oa:Xdm}, (6.7) 

where Qx = uix' is the nondegenerate complex quadratic form on H^{Tx\x) 
in (j2.6p . There is a unique vj in s7^(0) fMJj = (sj)“^(0) ^ Uj £ Vj with 
fpj{vj) = X. Equation (13.9p gives an isomorphism of complex vector spaces 




Ker(tj|^j • Ej\yj y Fj\vj') 

Im(dsj|„_, : TyjVj Ej\yj) 


( 6 . 8 ) 


Write Qyj for the complex quadratic form on Ker(tj|^j)/Im(dsj|«j) identified 
with Qx by (16.81) , as in Definition 13.61 Then by (16.61) we have 

{orientations on (X,u!x) at cc} = 

~ \1 

{C-orientations on (Ker(tj|„j)/Im(dsj|„j), Q^j)}. 


Condition (*) for {Uj,Ej) at vj requires that 


■ Fj \yj n Ker{tj|„j : Ej\yj -£ Fj|„j) 


Ker(t 


J\vj ■ Fj\yj 


Fj\yj) 


Im(dsj|«_, : TyjVj -> Fj\yj) 


should be injective, with image Imlf^^ a real vector subspace of half the real 
dimension of Ker(tj|^j)/Im(dsj|t,j), on which the real quadratic form ReQ.uj 
is negative definite. As (t/j, Aj", Sj, '0j|s-i(o)nf7j) ^ Kuranishi neighbourhood 

on Xdm by the proof of Theorem l3.16l equation (j2.10l) gives an exact sequence 

0-^ TxXam -^ Ty,Vj - E+\yx -^ O.Xdm-^ 0. 

Condition {*) implies that Ker(dsj|„j) = Ker(dsj|„j), so we have 


TxXdm = Ker(dsj|.„j : TyjVj -£ Fj\yj). (6.10) 


Also from (*) we see there is a canonical isomorphism 


OxX 


dm 


Ker(tj|t,j)/Im(dsj|.„j) 

im 


( 6 . 11 ) 


By (16.101) . TxXdm is a complex vector space, so ExX^m and r*Xdm have 
natural orientations as real vector spaces. Thus by (16.111) we have a bijection 


{orientations on Tj'A'dm © Oa;Xdm} — 

{orientations on [Ker(tj|„j)/Im(dsj|„j)] / Imll^^ }. 


( 6 . 12 ) 


Suppose we are given a complex basis ei,..., Cfc of Ker(tj|„j)/ Im(dsj|^_,) = 
which is orthonormal w.r.t. Qvj- As ei,..., are orthonormal w.r.t. Qvj, 
the real quadratic form Re Qvj is positive definite on the real span (ei,..., ek)s., 
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and is negative definite on so (ei,..., efc)R fl = {0}. 

Therefore ei+Imll^j,..., efe+Imll^j are linearly independent in the real vector 
space [Ker(tj|„j)/Im(dsj|„j)]/Imn„j = so they are a basis as Imn„j has 
half the real dimension of Ker(tj|„j)/Im(dsj|„j). Define an identification 

{C-orientations on (Ker(tj|„_,)/Im(dsj|^j),Qj;j)} 

f r 11 ^ 

= jorientations on [Ker(tj|„j)/Im(dsj|„j)J / 

such that orientations on both sides are identified if, whenever ei,..., is an 
oriented orthonormal complex basis for (Ker(t j|„j) / Im(dsj|«j), Qvj), then ei + 
Imll^j,..., efc+Imll^^ is an oriented basis for [Ker(tj|^j)/Im(dsj|t,j)]/Imll^j. 
Combining equations (I6.7p . (I6.9I) . (I6.12p and (I6.13I) gives an identification 

{orientations on {X,ujx) at a:} = {orientations on Xdm at x}. (6.14) 

It is not difficult to show that the isomorphism (16.141) is independent of the 
choice oi J € A with x € Sj, and depends continuously on x S ^an- Thus we 
get a canonical 1-1 correspondence between the sets in Proposition 13. 13f af .fcl. 
The last part of Theorem 12.181 gives a 1-1 correspondence between the sets in 
Proposition 13. 13f bf .fcl. This completes the proof. 

6.4 Proof of Proposition 13.181 

Suppose is a separated, — 2-shifted symplectic derived C-scheme with 

vdimc X = n, whose complex analytic topological space X^n is second count¬ 
able. Let IC,IC' be different possible Kuranishi atlases constructed in Theorem 
13.151 and Xdm,^di„ the corresponding derived manifolds in Theorem l3.16l 
As in t l3.51 let /C be constructed using the family {(A*,ai) : i e /}, and 
data A}, a.j tor J € A, ^jk tor K C J in A from Theorem ixn where A = 
{J : % ^ J ^ I, J finite}, as in (13.21 use notation Vj,Ej,Fj,sj,tj,'ipj and 
Rj = ^\^^JR^ C Xan from Aj,aj and 4>JK ,Xjk ,^jk from ^jk- Let K. be 
defined using closed subsets Cj C Xan for J S A in Proposition 13.131 and pairs 
{Uj,EJ) and open subsets Ujk C Uj in Proposition 13.141 Similarly, let K! be 
constructed using {(A'T,a',) : i' € I'}, A);,, a'^,, PJ,, ..., C U'j,. 

We must build a derived manifold with boundary Wdm with topological 
space Xan X [0,1] and vdim VPdm = n -I- 1, and an equivalence dWdm — 11 

topologically identifying Xdm with Xan x {0} and with Xan x {1}. 
Write TT : X —>■ Z to be the projection : X x —>■ A^, so that 

Z = = SpecB with B = C[z], and Z^a = C. Define ujx/z = Then 

uJxjz is a family of —2-shifted symplectic structures on XjZ in the sense of 
the constant family over Z = h} with fibre (X,a;^). We now carry out 
the programme of (13.71 for tt : X — Z,ujx/z, choosing data as follows: 

(a) Set / = / n the disjoint union of I and 

(b) Define {A'‘,ai,j3i) tor i G I by A* = A* (g)c (z — 1)“^], so that 
Spec A* = (Spec A*) x (A^ \ {1}), and a.i = ai x inc : (Spec A*) x 
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(A^\{1}) —5> X X A\ and : C[z] —>• A?(8)cC[z, (z —1)“^], j3i : z l(g)z. 
Similarly, define (A'T, ai/, ,5^/) for i' e I' by A*, = A'* (g)c C[z,z“^], so 
SpecA-T = (Spec A'T) x (A^ \ {0}), and 5^/ = a', x inc : (SpecA'T) x 
(A^ \ {0}) X X A^, and /3', : C[z] —)> A'? (8)c C[z, z“^], ^5'/ : z i-)- 1 ® z. 

(c) Write A = {J: il}^JCI,J finite}. Then A C A and A' C A. 

(d) When we apply Theorem 13.II to choose A* , fij, /3j for J G A and <l>j^ for 
AT C J, we make these choices so that 

A} = A* (8)c C[z, (z — 1) ^], A}/= Aj/(g)c C[z, z ^], 

fij = cij X inc : (Spec A}) x (A^ \ {!}) —^ X x A^, : z i-)- 1 0 z, 

a,// = a'j, X inc : (Spec Aj,) x (A^ \ {0}) —>■ X x A^, Pj/ : z i-)- 1 ® z, 
^JK = ^JK 0 id : A^ Oc C[z, (z - 1)“^] —^ A} Oc C[z, (z - 1)“^], 
^J'K' — ^J'K' ® ■ -‘^K' ®C C[z, Z ^ Aji 0c C[z, Z ^], 

for all AT C J in A and AT' C J' in A'. This is clearly possible. Note that 
this does not determine A* , aj, Pj or if J G A \ (A 11 A'). 

(e) When we translate to complex geometry using >13.21 part (d) implies that 
Vj = Vj X {C \ {!}) for J G A C A. Also Ej,Fj,sj,ij,(t^JK,XJK for 
J,K G A is obtained from Ej ,..., xjk by taking products with C \ {!}. 
Similarly, Vj- ,Ej- ,Fj, ,sj- ,ij' ,h'K' ,XJ'K' for J',K' G A' C A are ob¬ 
tained from Vj>, . .., XJ'K' by taking products with C \ {0}. 

(f) When we choose data Cj, {Uj, Ej) for J G A, we do this so that 

Cj n(Xan X {0}) = Cjx {0}, UjnVjx {o} = Ujx {oj, 

^7Ig.x{0} = EJ xO, Cj, n (Xan X {!}) = C'j, X {!}, 

Uj, n V}, X {1} = U'j, X {!}, ^7lc/',x{i} = E'j- X 1, 

whenever J G A and J' G A'. This is clearly possible. 

Theorem 13.231 constructs a relative Kuranishi atlas 1C for ttc : Xan x C ^ C, 
of dimension n-|-2. By construction, over Xan x {0} this restricts to the Kuranishi 
atlas X, and over Xan x {1} it restricts to X'. 

Theorem 13.241 gives a derived manifold Xdm with vdimXdm = n -I- 2 and 
topological space Xan x C, with a morphism TTdm : Xdm —t C. From Theorem 
ISiliii) we see that X°^ = 7rdm(0) - Xdm and X^^ = fi-dm(l) - Xdm- 

Now define Wdm = Xdm X 7 i.j„,c,inc [0,1], as a fibre product in the 2-category 
dMan'^ of d-manifolds with corners from [l8l - [20] . where inc : [0,1] ^ C is the 
inclusion. By properties of fibre products in dMan'^ from [TSti20) . this has 
topological space Xan x [0,1] and vdimTFdm = n + 1, and boundary 

9TFdm —Xdm XTTa^^c.inc 9[0, l]~Xdm X^ra^.C.inc {0, l}~Xdm H X(jj^. (6.15) 

This proves the first part of Proposition 13.181 


66 










For the last part, orientations on (X,a;^) correspond naturally to orienta¬ 
tions for TT : X ^ ZjLOxjz, by pullback along X ^ X, and these correspond to 
orientations on Xdm by Proposition 13.261 and thus (using oriented fibre prod¬ 
ucts) to orientations on VFdm- Since i9[0,1] = —{0}n{l} in oriented manifolds, 
we see that as in (16.151) that 9FFdm — —^dm n -X'djjj in oriented derived mani¬ 
folds. This completes the proof. 


References 

[1] K. Behrend and B. Fantechi, The intrinsic normal cone^ Invent. Math. 128 
(1997), 45-88. 

[2] O. Ben-Bassat, C. Brav, V. Bussi, and D. Joyce, A ‘Darboux Theorem’ 
for shifted symplectic structures on derived Artin stacks, with applications, 
Geometry and Topology 19 (2015), 1287-1359. arXiv:1312.0090, 

[3] C. Brav, V. Bussi, D. Dupont, D. Joyce, and B. Szendrdi, Symmetries 
and stabilization for sheaves of vanishing cycles, Journal of Singularities 11 
(2015), 85-151. arXiv:1211.3259, 

[4] C. Brav, V. Bussi and D. Joyce, A Darboux theorem for schemes with shifted 
symplectic structure, arXiv:1305.6302, 2013. 

[5] V. Bussi, D. Joyce and S. Meinhardt, On motivic vanishing cycles of critical 
loci, arXiv:1305.6428, 2013. 

[6] D. Borisov, Derived manifolds and Kuranishi models, arXiv:1212.1153, 2012. 

[7] D. Borisov and J. Noel, Simplicial approach to derived differential geometry, 
arXiv:1112.0033. 2011. 

[81 Y. Cao, Donaldson-Thomas theory for Calabi-Yau four-folds, 
arXiv: 1309.4230. 2013. 

[9] Y. Cao and N.C. Leung, Donaldson-Thomas theory for Calabi-Yau four¬ 
folds, arXiv:1407.7659. 2014. 

[10] Y. Cao and N.C. Leung, Orientability for gauge theories on Calabi-Yau 
manifolds, arXiv:1502.01141, 2015. 

[11] P.E. Conner, Differentiable Periodic Maps, second edition, Springer Lecture 
Notes in Mathematics 738, Springer, Berlin, 1979. 

[12] S.K. Donaldson and P.B. Kronheimer, The Ceometry of Four-Manifolds, 
OUP, 1990. 

[13] S.K. Donaldson and R.P. Thomas, Gauge Theory in higher dimensions, §3 
in S.A. Huggett et ah, editors, The Geometric Universe, OUP, 1998. 

[14] K. Fukaya, Y.-G. Oh, H. Ohta and K. Ono, Lagrangian intersection Floer 
theory - anomaly and obstruction, I & 11. AMS/International Press, 2009. 


67 






[15] K. Fukaya and K. Ono, Arnold Conjecture and Gromov-Witten invariant, 
Topology 38 (1999), 933-1048. 

[16] R. Hartshorne, Algebraic Geometry, Springer, New York, 1977. 

[17] D. Joyce, Algebraic Geometry over -rings, to appear in Memoirs of the 
A.M.S., 2016. arXiv:1001.0023, 

[18] D. Joyce, An introduction to d-manifolds and derived differential geome¬ 
try, pages 230-281 in L. Brambila-Paz et ah, editors. Moduli spaces, LMS 
Lecture Notes 411, CUP, 2014. arXiv:1206.4207, 

[19] D. Joyce, D-manifolds, d-orbifolds and derived differential geometry: a de¬ 
tailed summary, arXiv:1208.4948, 2012. 

[20] D. Joyce, D-manifolds and d-orbifolds: a theory of derived differential ge¬ 
ometry, to be published by OUP, 2017. Preliminary version (2012) available 
at http: //people .maths . ox. ac .uk/~joyce/dmanif olds .html 

[21] D. Joyce, A classical model for derived critical loci, J. Diff. Geom. 101 
(2015), 289-367. arXiv:1304.4508, 

[22] D. Joyce, A new definition of Kuranishi space, arXiv:1409.6908, 2014. 

[23] D. Joyce, in preparation, 2017. 

[24] D. Joyce and Y. Song, A theory of generalized Donaldson-Thomas invari¬ 
ants, Mem. Amer. Math. Soc. 217 (2012), no. 1020. arXiv;0810.5645, 

[25] M. Kontsevich and Y. Soibelman, Stability structures, motivic Donaldson- 
Thomas invariants and cluster transformations, arXiv:0811.2435, 2008. 

[26] J. Lurie, Derived Algebraic Geometry V, arXiv:0905.0459, 2009. 

[27] D. McDuff, Notes on Kuranishi atlases, arXiv: 1411.4306, 2014. 

[28] D. McDuff and K. Wehrheim, Smooth Kuranishi atlases with trivial 
isotropy, arXiv:1208.1340, 2012. 

[29] J. Milnor, ‘On the Steenrod homology theory’, pages 101-106 in Collected 
Papers of John Milnor. IV, AMS, 2009. 

[30] T. Pantev, B. Toen, M. Vaquie and G. Vezzosi, Shifted symplectic struc¬ 
tures, Publ. Math. I.H.E.S. 117 (2013), 271-328. arXiv:1111.3209, 

[31] D.I. Spivak, Derived smooth manifolds, Duke Math. J. 153 (2010), 55-128. 
arXiv:0810.5174, 

[32] R.P. Thomas, A holomorphic Casson invariant for Calabi-Yau S-folds, and 
bundles on K3 fibrations, J. Diff. Geom. 54 (2000), 367-438. 

math. AG/9806111 

[33] B. Toen, Higher and derived stacks: a global overview, pages 435-487 in 
Algebraic Geometry — Seattle 2005, Proc. Symp. Pure Math. 80, Part 1, 
AMS, 2009. math.AG/0604504, 


68 



[34] B. Toen, Derived Algebraic Geometry, EMS Surv. Math. Sci. 1 (2014), 153- 
240. arXiv: 1401.1044, 

[35] B. Toen and G. Vezzosi, Homotopical Algebraic Geometry II, Mem. AMS 
193 (2008), no. 902. math.AG/0404373, 

Dennis Borisov, Mathematisches Institut, Georg-August Universitat Got¬ 
tingen, Bunsenstrasse 3-5, D-37073 Gottingen, Germany. 

E-mail: dennis. borisovSgmail. com. 

Dominic Joyce, The Mathematical Institute, Radcliffe Observatory Quar¬ 
ter, Woodstock Road, Oxford, 0X2 6GG, U.K. 

E-mail: joyce@maths.ox.ac.uk. 


69 


